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Bi-orthogonalWavelet Systemfor

High-Resolutionimage Reconstruction
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Abstract

High-resolutionimagesare often desiredbut madeimpossiblebecauseof hardware limitation. For
the high-resolutionmodel proposedby Bose and Boo, the iterative wavelet-basedalgorithm has been
shavn to perform betterthan traditional least squaremethodwhen the resolutionratio M is two and
four. In this paper we discussthe minimally supportedbi-orthogonalwavelet systemarisenfrom the
mathematicaimodel by Bose and Boo, and proposea wavelet-basedalgorithm for arbitrary resolution
ratioM 2. Thenumericalresultsindicatethatthe algorithmbasedon our bi-orthogonalwaveletsystem
performsbetterin high-resolutionmagereconstructiorthanthe wavelet-basedlgorithmin the literature

and also the common-usedeastsquaremethod.
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. INTRODUCTION

High-resolutionimagesare often desiredin mary situations,such as remote sensingand medical
imaging, but madeimpossiblebecausef hardware limitations. Thenincreasingthe resolutionby image
processingechniqueds of greatimportance.The earliestformulation of the problemof high-resolution
imagereconstructiorwas proposedby Huangand Tsay[1] in 1984,whereit was motivatedby the need
of improved resolutionimagesfrom Landsatimagedata.This work hasdranvn a lot of researchattention
and hasbeenextensively treatedin the last threedecaded?], [3], [4], [5], [6], [7], [8], [9], [10], [11],
[12], [13], [14], [15], [16], [17]. Applicationsof high-resolutionimageconstructionarisein mary areas.
The main ideais to recover a single high-resolutionimagefrom a set of low quality imagesof a true
image.

Themodelin BoseandBoo [9] concentratesn reconstructingnehigh-resolutionimagefrom multiple
low-resolution,shifted, degradedsamplesof a true image.That modelwas rst analyzedfrom a wavelet
point of view for both the casewith no displacemenerror[18] andthe casewith displacemeneérror[19].
In [18], we followed the approachin [9] and consideredhe casewherethe blur is spatially invariant,
i.e., thereare no displacemenerrorsin the low-resolutionsamplesBy expressingthe true image (high-
resolutionimage)asa functionin L?(R?), we derived an iterative algorithmwhich recaversthe function
completelyin the L? sensefrom the given low-resolutionfunctions. Thesealgorithmsdecomposehe
functionobtainedfrom the previousiterationinto differentfrequeng componentsn thewavelettransform
domain, and then add them into the new iterate to improve the approximation.Wavelet thresholding
methods[20] are appliedto de-noisethe function obtainedin the previous stepbeforeaddingit to the
new iterate.In [19], we consideredhe casewherethere are displacemenerrorsin the low-resolution
samples.The resulting blurring operatoris spatially varying and is formed by samplingand summing
different spatially invariant blurring operators We representeaachof thesespatially invariant blurring
operatorsby a tensorproductof a low pass lter which associateshe correspondingplurring operator
with a multiresolutionanalysisof L?(R?). Thatlow pass lter is a tensorproductof the univariatelow

ass lter
P h

TR TR A @
M 1

whereM is the ratio betweenhigh andlow resolutionsWe will referto the Iter of (1) as(M; ) high-

resolution lter ((M; )-HRF).ForM = 2 andM = 4, it wasshowvn in [18] and[19] thatthe sequence

(1) is a primal low pass lter in a bi-orthogonalwavelet system,and that the correspondingvavelet-

basedalgorithmsgive betterresultsthan the existing method[9], [11] in termsof high output quality
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andlow relative errors.In this paper we designthe minimally supportedcbi-orthogonalwavelet system,
whoseprime low pass lter is the (M; )-HRF, for arbitrary resolutionratio M 2 and displacement
error 2 ( %; %), andwe apply the correspondingvavelet-basedlgorithmto the high-resolutionmage
reconstructionThe numericalresultsshow thatthe wavelet-basedlgorithmwith the minimally supported
lters designedin this paperperformsbetter than the leastsquaremethods(seefor example [21]) in
the image quality and peak signal-to-noiseratio (PSNR),and the similar wavelet-basedalgorithm with
different Iters ([19]) in lessartifacts.

This paperis organizedas follows. In Sectionll, we brie y recall the mathematicamodelfor high-
resolutionimagereconstructiorandpreliminarytheoryfor the bi-orthogonalwaveletswith dilation M
2. In Sectionlll, we rst showv thatthe(M; )-HRFis thelow passlter associatedvith a multiresolution
analysiswith dilation M . Next, we presenta methodto designtheduallow passlter of (M; )-HRFfrom
the oneof (M ; 0)-HRFE Finally we prove the (M; )-HRF andits dual arethe low pass Iters associated
with two bi-orthogonalmultiresolutionanalyseswith dilation M . In SectionlV, a bi-orthogonalwavelet
lter bankwith (M; )-HRF asthe low pass lter is constructedexplicitly. The numericalexperiments
for the designedwavelet Iter bankarepresentedn SectionV. The conclusionof this paperis givenin
SectionVI.
Notations:Bold-facedcharactersndicatevectorsand matrices.The matrix LT denotesthe transposef
the matrix L. Symboll and 0 denotethe identity and zero matricesrespectrely. Throughoutthe paper
i will denote” 1. For agivenfunctionf 2 LY(R), f{!) = . f(x)e X dx will denotethe Fourier
transformof f . For a given sequencen, (! ) = P Koz M(k)e Jk' will denotethe Fourier seriesof m.
tm denotesthe complex conjugate of M. The Kronecler character ; = 1 if k = | and 0 otherwise.
The 2 normkuk, of a sequencel := fu(k)g2z is kuky = P I(zzju(k)jz 2 The differenceoperator

r isdenedbyr v(k) = v(k) v(k+ 1); k2 Z, wherev := fv(k)gk2z.

Il. MATHEMATICAL MODEL AND BI-ORTHOGONAL WAVELETS

This sectionincludestwo parts. In the rst part, we briey describethe mathematicalmodel of
the high-resolutionimagereconstructiorproblem,and introducea wavelet-basecdigh-resolutionimage
reconstructioralgorithmfor ary givenratio M 2 andary horizontaland vertical displacementrrors

X Yin ( %; %). Preliminariesof the bi-orthogonalwavelet theoryis givenin the secondpart.

Septembed 9, 2003 DRAFT



ACCEPTEDBY IEEE TRANS. SIGNAL PROCESSING(2003) 4

A. MathematicalModel

Let the intensity function of an underlying continuousimage be f (x; y). The model assumeghat
an image at a given resolutionis obtainedby meansof averagingf over the pixels which have size
correspondingo that resolution. The mathematicalproblemis: given several averagesof f at a low
resolution,how canwe deducea good approximationto an averageof f at a higherresolution?

Supposéhattheimageof agivenscenecanbeobtainedrom sensorsvith N1 N pixels.Lettheactual
lengthandwidth of eachpixel be T; and T, respectiely. Our aimis to constructa higherresolutionimage
by usinganarrayof M1 M low-resolutionsensorsi.e., we wantanimagewith K, K pixels,where
K1 = M1N; andK, = M3,N»,. Thusthe length and width of eachof thesehigh-resolutionpixels will
be T:=M1 and T,=M, respectiely. To maintainthe aspectratio of the reconstructedmage,we consider
only M; = M, = M. By reconstructinghe high-resolutionimage,we meanto nd or approximatethe
valueswhich is the averageintensity of all the pointsinsidethe (p; g)th high-resolutionpixel. In orderto
have enoughinformationto resole the high-resolutionimage,thereare subpixel displacementbetween
the sensorsn the sensorarrays.For sensor(msy;my), 0  mgq;my < M with (m1; m,) 6 (0;0), its
horizontaland vertical displacementsly, ..., and d%h,:m, with respectto the (0; 0) referencesensorare
givenby &%, ., = mi+ X . - anddh,m, = (Ma+ hm,) 37 Here X . and ¥,;m, arethe
horizontaland vertical displacemenerrorsrespectiely. For sensor(ms; my), the valuesgm,:m,[n1; N2]
registeredatits (ny; n»)th pixel is modeledby the averageintensityof all pointsinsidethe low-resolution
pixels and contaminatedhen by noise.The K1 K, obsened high-resolutionimageg is formedfrom
all the low-resolutionimagesgm,:m, by assigningg[M n1 + m1; M n2 + M2] = Gm,:m,[N1;N2].

The blurring matrix for the whole sensorarray is madeup of matricesfrom eachsensor:

ey &
L(X Y)= Dmym, L( Tiim,s frm,):
m;=0 m,=0

Hereboth * and Y areM M matrices;D n,.m, areK1K, K1K» samplingmatrices,which are
diagonalmatriceswith diagonalelementsequalto 1 if the correspondingcomponentof g comesfrom
the (my1; m2)th sensorandzerootherwise;,L ( §,,:m,: ¥1.:m,) is the Kronecler productof L ( X m.:m,) and
L( t.om,), e, L( X Mymas hom,) = L(X mim,) L( #h,:m,), whereL( % m,:m,) iIsanKz Ky circular
matrix (underperiodic boundarycondition) with the middle row given by

h i
1 1
0 505 * mmi '{'Z'; 2 mim 0 50 )

thereareK » zerocomponents nasimilarly or theK 1 Dlurring matrix mim,)- e
(th Ky M 1 pndsimilarly for theK 1 K1 blurri ix L( %hym,). Th
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reconstructiorof high-resolutionimage can be modeledas solving

L(* =g 3

wheref andg arethecolumnvectorsformedby f andg respectiely. TheblurringmatrixL ( 7, .m,: hom,)
correspondingo the (m1; m;)th sensorcan be consideredas a low pass Iter acting on the imagef .
This low pass Iter is a tensorproductof the (M; )-HRF (see(1) and(2)), wherethe parameters are
differentin the x andy directionsfor eachsensor
To introducethe wavelet-basecdigh-resolutionimage reconstructioralgorithm, we only considerthe
case y,.m, = *and Yom, = Yforall0 mg;m, < M.Moreover, thedisplacemenerrorsatis esthe
physicalrequiremenj *j;j ¥j < 1=2 (seeg.g.[9] and[19]). In thatcasetheblurringmatrixL = L( *; Y)
in (3) becomesL( *) L(7Y), whereL( ) is the matrix representatiorof the (M; )-HRF Starting
from the low pass Iter (M; )-HRF we constructdual low pass lters . mp, high pass Iter bank
m: M1l t M 1, anddual high passlter bank v, ;1 t M 1, forary 2 ( %;3)in
the following two sections.This leadsto a perfectreconstructiorof that bi-orthogonalwavelet system
1

ETOLO)+ 67 ()G()=1;

t=1
whereE( ), G¢( ), 6¢();1 t M 1, arethe matrix representatiomf the correspondinglual low
pass Iter, high pass Iter bank,anddual high pass Iter bank,respectiely. Dene E = E( *) E(Y),
Gowo=L(¥) Gu(Y),Gro=Gi(*) L(Y),andGuo= Ge(*) Gro(Y), wherel ;t© M 1.
Similarly we de ne Gyo forall 0 t;t° M 1 except(t;t9 = (0;0). Thesematricessatisfy
ETL + X € :Go= |
?t;tl;g)oﬁ(g ;01)

(see[22], [23], [24], [25], [26]). Thenthe following iteratve wavelet-basedigh-resolutionmagerecon-
structionalgorithmis usedto approximatethe solution of the equation(3):

frer = BTg+ : € oT (Gurofn) (4)

gt;tﬁé’)os(g ;01)

for n 0 with theinitial fo = 0, whereT is the thresholdingoperator[20]. Whenthe resolutionratio
M of the reconstructionimageis 2 or 4, the above iterative reconstructionalgorithm reducesto the
algorithmin [18] and[19]. However, we shouldpoint it out that matricesE, G0, and & o aredifferent

from thosein [18] and[19].
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B. Bi-orthogonal WaveletSystenwith Dilation M

In this section,we recallsomebasictheoryfor bi-orthogonalwaveletsnecessaryor our laterexposition.
For a more completeandrigorouspresentationinterestedeaderanay referto [24], [25], [26] and[27].
We startfrom a compactlysupportedscalingfunction andthe correspondingnultiresolutionanalysis
with dilation M . An multiresolutionanalysiswith dilation M is a family of closedsubspace$V,gn2z
of L2(R) that satis es 1) Sn V, is densein L?(R) andTn Vo = f0Q; 2) Vin Vst andf () 2 V, if
andonly if f(M ) 2 Vu41 foralln; 3)f (x k) :k 2 Zg forms a Rieszbasisof the shift invariant
spaceVvp.
The scalingfunction satis esare nementequation
X
x)=M  mg(k) (Mx k) ®)
k2z
and the normalizationcondition b(O) = 1, wherethe nitely supportedsequencemg on Z satis es
oz Mo(k) = L.If 2 L2(R) andits shiftsform a Rieszbasisof the correspondinghift invariantspace,
thenwe call stable.lt is known ([24], [25], [26]) that s a scalingfunction of somemultiresolution
if andonly if is a stablefunctionin L2 andsatis es a re nementequationof the form (5).

Taking the Fourier transformon both sidesof (5), we have

b(!):mol\!/l_bl\!/l_; | 2 R: (6)

We call img the symbolof the scalingfunction . Very often, we alsocall mg or imgp the low pass lter.
Applying (6) iteratively for n timesyields
¥ ! !
= o g P s
i=1
Letting n tendto in nity in the abore equationand using the normalizationcondition of , we then
obtainthe explicit expressionof b via its correspondindow pass Iter g,

Y !
b)y="imp ==
i=1 M

A function € 2 L?(R) is calleda dual functionof 2 L?(R) if
Z

(x Kex Kydx= yx 8k;k°2Zz: 7

Often we call and € a dual pair. In the bi-orthogonalwavelet setting, there are two multiresolution

analysesf V,,g andf ¥,g, whosescalingfunctions and € form a dual pair. For a dual pair of scaling
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functions and €, it follows from (5) and(7) thattheir correspondindow pass Iters img and rﬂo satisfy

I\x 1
mo( + #)Bo( + #) = 1;
t=0

0;1, ;M 1. By matrix extension([28], [29]), there exist ims and B s =

where# = 21t
1;::::M 1, sothat
M( 1
ms(! + #)Bo(! + #) = s (8)
t=0

for all s;s°= 0;:::;M 1. This implies the perfectreconstructiorfor the analysis lter banksims; 0

s M 1, andthe synthesislter bankr&s;o s M 1
I\X 1
ins(! )B(! + #) = o
s=0
wheret = 0;:::;M 1. We mentionthat Iters mg and mg to be low pass,and that mg and ms,

s=1, ;M 1, to behigh pass,n the sensethat
mo(#k) = Bo(#) = ko;
ms(0) = Bs(0)=0;, s=1, M L

By (7) and(8), the functions s and €&;1 s M 1, which arede ned by
by=ims - b &)= o & L
are multi-band bi-orthogonalwavelets constructedfrom the multiresolutionanalysesf V,g and f ¥,g.
Thereforestartingfrom a dualpair of scalingfunctions and €, the constructiorof bi-orthogonawavelets
sand€;1 s M 1, reducego the constructionof high pass lters img andlﬁs;l s M 1,
so that they togetherwith the low pass lters g and B, of the scalingfunctions and € satisfy the

perfectreconstructiorcondition (8).

[1l. THE HIGH-RESOLUTION FILTER AND ITS DUAL

In this section,we shaw thati) the (M ; )-HRF is the low passIter of a scalingfunction;ii) the dual
Iters with displacementerror can be deviated from the oneswith no displacementrror; andiii) the
minimally supporteddual lter is the low pass lter of a dual scalingfunction.

Theindex of the high-resolutionlter (M; )-HRF whichis formulatedin the mathematicamodelfor
the reconstructiorof a high-resolutionmage,startsfrom b 'V'7c to b%c. Herebyc denoteghe largest
integer not exceedingy. Note thatif ms(! );®s(! );0 s M 1, satisfy(8), thensodo e k' fmg(! ),

gl ko! rﬁs(! ),0 s M 1, wherekg 2 Z. Thuswe assumehatthe index of the high-resolution Iter
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(M; )-HRF startsfrom 0 to M instead.We denotethat Iter by . mg, anddenote y.omp as m Mo
when thereis no displacementerror. Also notice that y. mg(!) = e iM! m: Mo( !), and that if
ms(! );®s(!);0 s M 1, satisfy(8) thensodoms( !), Bs( !'),0 s M 1. Thuswemay
further assumehat the displacementrror satis esthe physical requirementsee[9] and[19])
1
0 < —: 9
5 (9)

A. (M; )-HRF is the low pass lter of a scalingfunction
Dene ym. by

¥ k
w; D)= wytmo(M ) (10)
k=1
We rst show thatundertheassumptiorof (9), thefunction . de nedin (10)is Holdercontinuousand

hencein L2(R). To this end,we noticethatthe (M ; )-HRF canbe decomposethto the sumof the Iter

(3+ ;% ) with differentshifts. For example,for M = 2, 1+ ;1,1 =11+,;% 0+
3 03+ ;3 .Ingeneralin the Fourier domain,we have
1 1 i
. 1) = g + = !
m; mo(!) 5 5 e |
1 h N _ ]
o 1+el' + +elM Db (11)
Thus w. is supportedn [0; 7#45]  [0;2] and
X
M: (X k=1 8x2R (12)
k2zZ
([24], [25], [26]). Combining(5) and (12), we obtain
X 1
. JE— = — + . .
MM > m;  (X);
X+ 1 1 1
M; M = 3t 3 m; (X))
X+s
: = 1 for2 M 1
M v or S ;

wherex 2 [0;1). So y: is monotoneon [0; 1], and

img ) M Wi Cix oy e

Inmax(jz+ j;j3
In M

j% + j;j% j < 1by(9). Then . is Holdercontinuouswith Holder exponent o > 0, andtherefore
belongsto L?(R).

for all x;y 2 R, where ¢ = ) andC is a positive constant([30], [31]). Recallthat
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For 2 [0; %), 0= % which decreaseas increasesThusthescalingfunction . becomes
lesssmoothas increaseswhich can also be seenfrom the graphsof the scalingfunctions y. for
M = 2;3;4;5 in Figure 1. Also from thosegraphs,we obsenre that the functions . arein nitely
piecavise constantfunctionswhen M 3. The theoreticalproof of the above obsenration is given in
[31] and[32].
Next, we showv thatthe function . is stable.lt is known that . is stableif andonly if there

exist two positive constantd< C; Cy < +1 sothat

X
C iv: PO+ 262 C (13)
k27

forall! 2 [ ; ](22], [24]). The estimateat the right hand side of (13) follows easily from the

Poissonformula

X x 7
v B0+ 2k)P= e w0 Ddx;
k2Z 12z R

and the fact that . is a compactlysupportedL? function. On the other hand, the estimateat the
left handside of (13) is true since - boye oforall! 2[ ; ], which follows from (10) andthe
obserationthat . Mg(! ) 8 Oforall! 2 o by (11). This provesthe stability of y; , and
concludeghatthe lter . Mg is the low pass lter of the scalingfunction .

Theoem1: Thefunction y. de ned by (10)is a scalingfunction of a multiresolutionanalysiswith
dilationM , andthe(l\ﬂl; )-HRIFis thelow passlter associateavith thescalingfunction . . Moreover,

w. is supportedn O; M , andHolder continuouswith Holder exponent o= 2T iz D

B. Dual low pass lter s of the (M ; )-HRF

In this subsectionwe proposea constructve methodto designthe dual low pass lter - r@uo of
M: Mo sothat
M1
v ol + #) m: B(! +#)=1 8! 2R; (14)
t=0
and

v Bo(#)=0 8t=1L:: ;M L (15)

Also we discussthe constructionof dual low pass Iter with no displacemengrror.
By (11),we have y; (! ) = mmmo(! )+ (1 e IM'y This inspiresus to construct y - rBo from
M r&o, which is a solutionof (14) and (15) with = 0. Let

v: Bo(l) = mBo(l)+e ket mM!)
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for someim, wherel ko M 1. Substitutingthe abore expressioninto (14) and (15), we obtain
1

M(1 e IM!) Bo(! +#)+ 1m0 (M!)=0
t=0

andmm(0) = 0. Thereforewe have
Assumethat the sequencey ®g is the dual low pass Iter of \ tmg for the caseof

Proposition1:
no displacemenerror. Then

m: Bo(!) = wmBo(!)

. _ 1
ettt (1 @M Bt + #) (16)
t=0
is aduallow passlter of y. g, wherel ko M 1
P : .
Noticethat M, te Ik +#) = Me iK' if k is a multiple of M ; 0, otherwise.Thus the difference
m Bo((k + 1)M)] occurring at indiceskM + ko for

between . ®o and y @ is [ v ®o(kM)

possiblek. For example,for M = 2,

1 il 1 3 il 1 1 ]
1y= Zd' + 2+ Zel! + Ze 2 “e
»Bo(!) 8e' 2t 2° € g€
is a duallow pass Iter of ,mg [22]. Applying Propositionl,

1 il 1 3 I

. | = Z — : “+ Ze !

2 Bo(!) s 2 e 2t 28
1 1 i
+5e 2! st 2 e ¥ (17)

is a dual low pass Iter of zrﬂo ([19).
Now we turn to discussthe constructionof dual low pass Iter with no displacemenerror A lter in

is calledinterpolatorylow pass Iter if

N1
m( +#)=1 8! 2R;
t=0
and
m#) = to, t=0::;M 1L

For the pair of the low passlter \ g andits duallow pass Iter rﬂo, the Iter im de ned by

()= mimo(!) v Bo(!);

is aninterpolatorylow pass lter, and satis es
: (18)

i (#) = mY#) = O;
DRAFT
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Moreover,
m° )= 10 (19)

if M is even, and
m( )=20 (20)

if M is odd. It is known that ary interpolatorylow pass lter m, which satis es (18), canbe written as

M1 jiM!
()= 2L e )
M2(1 éd')1 el')
1
+1 eMH e My et R(M!) (21)
t=1
forsomeR((! );1 t M 1 ([33], [34], [35]). Substituting(21) into (19) and (20), we obtain
1
( D'Re(M )=
t=1
The generalprocedureto constructinterpolatorylow pass Iters with preassigneaerosis discussedn

[36] whenM = 2. By (21) and (22), we get

1

W: (22)

Proposition2: Let u @no be the dual low pass lter of y mmg. Then
1 eimt hyy e
M Mel! 2

i
+1 el ei!)R(!l)Jr;(j() :

v Bo(!) =

whereR satisesR( )= 35 and S, "R(! + #;)=0.
In orderto obtaina dual low pass lter r@uo with minimal length, % shouldbe a constant,

. P .
ie,R(!1)= 3+c@+éd') Since [, R(I +#)=0,ityieldsc= 1 Thus,R(') = 3€'.By

Proposition2, we obtainthe dual low pass lter \ ®g with minimal length,

1 1 1 .
Mlao(!) = Nell +m+ +mel(’v| 2)!
3 .
+_ 2 aiM 1)
oM ©

Taking ko = M 1 in Propositionl and using the above lter asthe dual low pass Iter with no
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displacemenerror, we geta dual low passlter . rBo with minimal lengthand vanishingmomentl,

1 h _ [
woBo(l) = = 1+ +ell™ W
' M
1 - 3
= e|!+ et
2 2
- N
2M M M

1 . 3 .
+ e iM 2 __ e liMm 1.
M M
(23)

For instance the above dual low pass Iter - r&o becomes

1 0 1 3 0
- _ "y 24+ 2 _ j!
i 29 %37 3 3¢
whenM = 2,
1 . 1 1 1 -
= _ d'+ 24+ ety = _ eZJ.
6 3 3 3 2 3
whenM = 3, and
1 | 1 | 1 2 1 3 3!
— - d++el+ed+ - - e
8 4 4 4 8 4

I
Ea

whenM

C. Dual low pass lter of a dual scalingfunction

In this subsectionwe rst shav thatthe dual lter - r&o(! ) in (23) is the low pass Iter associated
with a multiresolutionanalysiswith dilation M .

p_
Theoem?2: LeteitherM 3and 2 0;3 ,orM =2and 2 1 %1  andlet . ©bethe

212 0
solution of a re nementequation(5) with the symbol - B0 in (23). Then y. €is a scalingfunction
of a multiresolutionanalysiswith dilation M .
Proof: We rst prove the function \. €, whichis de ned by
V:
i 80) = Bo(M M),
n=1
is a functionin L?(R). To this end,de ne the subdvision operatorS correspondingo the low pass Iter
m; o by

X
Su(k) = m: Motk MKYu(k); k2 z;
ko2Z
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whereu := fu(k)g. By calculation,the Fourier seriesof the sequence S" is
vl v

1 e iM™ 1 gM 4 3

o 2 2

forary n 1, where is the usualdeltasequenceThus

kr S" k3 2 +

=}

1
2 Z+21 )%
2 ( ) L)

which implies that
kr S" k3 2M" 8n 1,

for eitherM 3and 2 0;3 ,0orM =2and 2 1 p—f;% . Thus . € is afunctionin L?(R)
([24], [37]). Following the proof of Theoreml leadsto the stability of . . O

The dual scalingfunctions . € for M = 3;4;5 are shovn in Figure 2. The dual scalingfunctions
v: € are not Holder continuous.In particular the Holder exponentof the dual scalingfunctions . €
is ml(n%—M) andthusnegative for ary 2 [0; %). But asseenfrom the graphs,the dual scalingfunctions
vm: € becomedessirregularas increases.

The rest of this sectionis devoted to shav that the pair of scalingfunctions . and y. €is a
dual pair, wherethe symbolsof the scalingfunctions . and y. € arede ned asin (11) and (23)
respectiely. Our resultis the following:

Theoem3: Let . and y. € bethe scalingfunctionswith their correspondindow pass lters as
in (11) and(23) respectiely. AssumethateitherM  3and 2 (0;3),orM = 2and 2 1 ;% .
Then . €is thedualof .

Proof: Letto(!) := wm. too(!) m: tﬂo(! ), andlet y. bethesolutionof the re nementequation

(5) with symboltm. Clearly im is aninterpolatorylow pass lter, and
wi DY = s B0 B

By Theoremsl and2, both y. and y. € arecompactlysupportedunctionsin L2, andhence y .

is a compactly supportedcontinuousfunction. By (11) and (23), both . f(! ) and - r@no(! ) are
nonzerofor all! 2 &; & . Thusthestability of . follows by the sameprocedureasusedin the
proof of Theoreml. Therefore .  satis esinterpolatorycondition,thatis, m: ( K) = ko0 k2 Z
([241, [33], [38]). This provesthe dual propertybetween . and y. €. O

p_
Remark:For M = 2, if the displacemengrror 0 1 73 we canusethe dual Iter (17) instead

of the onein (23) to obtaina dual scalingfunctionin L?(R).
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IV. BI-ORTHOGONAL WAVELET FILTER BANK

In this section,we considerthe constructionof bi-orthogonalwavelet Iter bankwith low pass lter
andtheduallow passlter givenin (11)and(23),thatis,to nd highpasslters y. M1 t M1,
anddual high passlters . ®;1 t M 1, sothat

W1
m: (! + #s) m; Iato(! +#s) = o (24)
forall t;t°= 0;::::M 1, and
M; 1(0) = w; B:(0) = 0 (25)

fort=1:::;M 1
The equation(25) follows from taking! = 0 in (24) and usingthe low pass Iter propertiesof the
lters - o and v r&o. To solve the equation(24), we needthe polyphasedecompositiorof the Iters

M;rlntandM;rBt;O t M 1 Let
1

M; () = e st . mes(M!) (26)
s=0
forO t M 1, andset )
M; moo(' M; mom 1(!)
H(!) = § : ; (27)
M; v 1o(!) M; v v 2(!)
Similarly let
w1
v B ()= e sy Bs(Mt) (28)
s=0
andset 2
M: laoo(' v Bom 1(1)
B() = § : : (29)

M; @M zo(!) v: By 1w 1(0)

Thenwe may write (24) as

H(!)@( !)T=—1|: (30)
M
By (11) and (23), the rst row of H is
i 1 1 1 i
- - - it . . .
a.0+ boe . M 2 + + 2 e ;1; 11 ’
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andtheoneof 8 is

o1 . .53 1 i
ao+80e' .—M 1; 01 > > e

We do not intendto nd all solutionsof the equation(30) (see[28], [29] for generalresults),but here

we try to nd somesolutionsof the form
H(!)=Hi+ Hoe ! (31)

and
B()=KB,+ B ; (32)

whereH 1;H ;181 and 8, are squarematriceswith real entries.

For M = 2, one may verify that

3 2 3
1 1
Hey=ta 27 tsilaz D50
2 3+ 1 : 0
and 2 3 2 3
3 1
an=1et E sia® B sy
1 1
13+ 0 3
satis es (30). Therefore
1 1
2(t)=35 3 rell+ 5 e (33)
and
1 1 i 1 i
2®@y()=5 5 & 1+ S+ e (34)

arethe high pass Iter anddual high pass Iter correspondindo the low passlter ». imp andthe dual
pass lter ». B (seeTablel for the Iter coefcients).

ForM 3, westartfroman(M 2) (M 2) squarematrix A sothat
AA T = | (35)

and

the rst row of A is p=t—[1;:::; 1] (36)
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De ne
2 p
2 M 2 0 1
1 pM 2 1 0 0
H(!)zm p_
0 Miy 3 O
0 0 1
2 3
1 0 O
Eo A 07Y: (37)
0 0 1
and
B( 1)= —
M
2 p
1 M 2 0
pM 2 2 0 pM 2
0 pmM 3 0
1 pM 2 0 M
2 3
1 0 O
go A 01; (38)
0 0 1
where
3 1 o !
2 2

Clearly H hastheform (31) andits rst row is ag+ boe ' . Similarly 18 hasthe form (32) andits rst
row is ag + Boel! . By simply calculation,we may verify that the matricesH and 8 in (37) and (38)
satisfy (30).
For M = 3, the only matrix A in (35) and (36) is the number 1. Thus the correspondinglter
coefcients for the bi-orthogonalyavelet Itey bankareasgivenin Tablell.
1 1
ForM = 4, thematrixA = 91—54 S satis es(35)and(36). Thecorrespondinglter coefcients
1 1
of the bi-orthogonalwavelet Iter bankareasgivenin Tablelll.

V. NUMERICAL EXPERIMENTS

In this section,we implementthe high-resolutionimage reconstructionalgorithm (4) using the bi-
orthogonalwavelet Iters constructedn the previous sectionsWe usethe “Boat” and “Bridge” images

of size 260 260 shown in Fig. 3 as the original imagesin the numericaltests. We abbre&iate the
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least-squarenethod(see[21]), the wavelet methodwith the dual Iter (17) (see[19]), andthe wavelet
methodwith the dual Iter in Tablesl, II, 1l by LSM, WAD, WAM respectrely. The periodicboundary
condition[21] is usedfor all the methods.

In the rst test,we usea2 2 sensorarraywith no displacemenerror, andwith displacemengrror

= hem, = Yiom, = %, my; my 2 f0;1g. Thosesensearraysproducefour low-resolutionimages
which are corruptedby white Gaussiamoisewith different signal-to-noiseatio (SNR). Table IV gives
the PSNRresultsof the image obtainedby LSM, WAD and WAM, while Figs. 4 and 5 depictthe
reconstructedhigh-resolutionimagesfor the “Boat” and“Bridge” imageswith noiseat SNR=30dB and
displacemenerror = %. From the above table and gures we seethat the wavelet algorithm (WAM,
WAD) performsbetterthantheleastsquaremethod(LSM) does.We alsohave two interestebsenrations
relatedto the displacemenerror From the Table IV, we seethat WAD works betterthan WAM in the
senseof PSNRwhen thereis no displacemenerror, and that WAM performsbetterthan WAD when
the displacementrror is %1. We think thatit is becausevhenj j 1 ; the correspondingscaling
function . € to the dual low pass lter in Tablel is not in L? and henceis too irregulat A careful
comparisonin the Figs. 4 and 5 revealsthat the reconstructedmagesFig. 4(d) and Fig. 5(d) with the
minimally supporteddual lter in Tablel have lessartifactsthanthat of Fig. 4(c) andFig. 5(c) with the
dual lter in (17).

In the secondtest,a 3 3 sensorarray with no displacementerror and with displacementerror
;‘nl;mz = }’nl;mz = %, m1; m» 2 f0;1; 29, areconsideredin this test,we usethe wavelet-basedterative
algorithm (4) with the wavelet Iter coefcients in Tablell for the high-resolutionimagereconstruction.
TableV givesthe PSNRresultsfor the least-squarenethodand the wavelet methodwith the dual lter
in Tablell, while Fig. 6 depictsthe reconstructedigh-resolutionimagesfor the “Boat” and “Bridge”
imagesfor the casewith displacemenérror%. Similar to the rst test,the wavelet-basedilgorithmshaowvs
improvementover the leastsquaremethodin both imagequality and PSNR,and also the image quality
improvesasthe displacemenerror changedrom 0 to ;11. We believe that the imagequality improvement
comesalsofrom the changeof the regularity of the dual scalingfunction . € asthe displacemenerror
changesrom 0 to %.

In the third test,we have donesimilar testasthe rst test. A 4 4 sensorarraywith no displacement
error and with displacemenerror 7, .., = hm, = ‘—11, mi; my 2 f0;1;2; 3g, are consideredWe use
the wavelet-basedterative algorithm (4) with the wavelet Iter coefcients in Table lll for the high-
resolutionimagereconstructionTable VI givesthe PSNRresultsof the image obtainedby LSM, WAD

and WAM, while Fig. 7 depictsthe partial reconstructedhigh-resolutionimagesfor the “Bridge” images
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with noiseat SNR=30dB and displacementerror = %. We can seethat our proposedwavelet-based
algorithmsgive betterdenoisingperformancehan LSM.

In the forth test,we let the 4 4 sensorarray have displacementrror
2 3

0:1548 0:0984 0:0242 0:0607
0:0843 0:2317 0:0535 0:1590
0:1952 0:1873 0:1892 0:1141
0:0054 0:1428 0:1491 0:2194

and 3

° 0:2043 0:0021 0:0074 0:0904
0:1759 0:1693 0:1266 0:0302
) 0:2351 0:1742 0:0829 0:1671
0:1953 0:0071 0:0075 0:0840
and usethe coefcients of the bi-orthogonalwavelet Iter bankin Tablelll. The low-resolution64 64
framesfrom (0; 0)th sensorare shavn in Figs. 8(a) and (b) for the “Boat” image and “Bridge” image
respectiely. Accordingly, the obsered high-resolutionmageswith white Gaussiamoise SNR of 30 dB
are shovn in Figs. 8(c) and (d), and the reconstructedhigh-resolutionimagesare shovn in Figs. 8 (e)
and(f). The valuesof PSNRwith LSM andWAM for “Boat” imagearerespectiely 24.96dB and27.37
dB while The valuesof PSNRwith LSM and WAM for “Bridge” imageare respectrely 23.93dB and
24.03dB. Again, we canseethat the wavelet-basedlgorithmworks betterthanthe least-squarenethod
in the senseof PSNR.

V1. CONCLUSIONS

Thehigh-resolutionlter (M; )-HRF (1) is formulatedfrom the mathematicamodelfor high-resolution
image reconstruction([9]), where M 2 is the resolutionratio and 2 ( %; %) is the displacement
error of the sensors.in this paper we rst obsene that the high-resolution Iter (M; )-HRF is the
low passlter of a multiresolutionanalysis(Theoreml); Thenwe constructthe minimally supportedoi-
orthogonalwavelet systemwhoseprimal low passlter isthe(M; )-HRF, explicitly (Theorems and3,
and SectionlV); Finally we introducea wavelet-basedterative algorithm (4) and do somenumerical
experiments From our numericalexperimentsthe iteratve algorithmcorrespondindo the bi-orthogonal
wavelet systemdesignedn this papershavs improvementover the common-usedeastsquaremethod
(seefor instance[21]) in outputimagequality and PSNR,and over the similar wavelet-basedlgorithm

with differentwavelet lters ([19]) in lessartifacts.

Septembei 9, 2003 DRAFT



ACCEPTEDBY IEEE TRANS. SIGNAL PROCESSING(2003) 19

ACKNOWLEDGE

We would lik e to thanktherefereedor providing uswith valuablecommentsandinsightful suggestions

which have broughtimprovementsto several aspectsof this manuscript.The researchof the second

authorwas partially completedwhile the secondauthorwas visiting Departmeniof Mathematicsof the

VanderbiltUniversity (VU), andthe University of Houston(UH). The kind hospitality extendedto him

by the Departmentof Mathematicsof VU and UH is greatly appreciated.

(1]

(2]

(3]

(4]

(5]

(6]

(7]

(8]

El

[10]

[11]

[12]

[13]

[14]

REFERENCES

T. Huangand R. Tsay “Multiple frame imagerestorationand registration; in Advancesn Computer\Mision and Image
ProcessingT. S. Huang,Ed., vol. 1, Greenwich,CT: JAl, 1984,pp. 317-339.

S.P. Kim, N. K. Bose,andH. M. Vakenzuela;Recursve reconstructiorof high resolutionimagefrom noisy undersampled
multiframes;, IEEE Transactionson Acoustics,Speeh, and Signal Processingvol. 38, pp. 1013-1027 June1990.

A. Tekalp, T. Ozkan,and M. Sezan,“High resolutionimage reconstructionfrom low-resolutionimage sequencesand
spacevarying imagerestoratiori, in IEEE Int. Conf Acoustics Speeh, SignalProcessingvol. 3, SanFranciscoCA, Mar.
1992,pp. 169-172.

J. C. Gillete, T. M. Stadtmiller and R. C. Hardie, “Aliasing reductionin starting infrared images utilizing subpixel
techniques$, Optical Engineering vol. 34, no. 11, p. 3130, Nov. 1995.

R. Schultzand R. Stevenson,“Extraction of high-resolutionframesfrom video sequence’s,|EEE Transactionson Image
Processingvol. 5, pp. 996-1011,June1996.

M. Elad and A. Feuer “Restorationof a single superresolutioimage from several blurred, noisy and undersampled
measuredmages, IEEE Transactionson Image Processingvol. 6, pp. 1646—-1658Dec. 1997.

R. Hardie,K. Barnard,andE. Armstrong,“Joint MAP registrationand high-resolutionmageestimationusinga sequence
of undersampledmages, IEEE Trans.on Image Processingvol. 6, pp. 1621-16331997.

A. Patti, M. Sezan,and A. Tekalp, “Superresolutionvideo reconstructionwith arbitrary samplinglattices and nonzero
aperturetime; |IEEE Transactionson Image Processingvol. 6, pp. 1064—1076 Aug. 1997.

N. BoseandK. Boo, “High-resolutionimagereconstructiorwith multisensors, International Journal of Imaging Systems
and Technolagy, vol. 9, pp. 294-304,1998.

M. Elad andA. Feuer “Superresolutiormrestorationof animagesequenceadaptve ltering approacH, IEEE Transactions
on Image Processingvol. 8, no. 3, pp. 387—-395,Mar. 1999.

M. Ng, R. Chan,T. Chan,andA. Yip, “Cosinetransformpreconditionergor high resolutionimagereconstructiori, Linear
Algebra and its Applications vol. 316, pp. 89-104,2000.

N. Nguyen,P. Milanfar, andG. Golub,“A computationallyef cient superresolutioimagereconstructioralgorithm; IEEE
Trans.on Image Processingvol. 10, pp. 573-583,2001.

B. Tom, N. GalatsanosandA. KatsaggelosReconstructiomf a high-resolutionimage from multiple low resolutionimages
ser SuperResolutionimaging. Kluwer AcademicPublisher 2001, ch. 4, pp. 73—-105.

M. Ng andA. Yip, “A fastMAP algorithmfor high-resolutionmagereconstructiorwith multisensor$, Multidimensional

Systemand Signal Processingvol. 12, pp. 143-164,2001.

Septembed 9, 2003 DRAFT



ACCEPTEDBY IEEE TRANS. SIGNAL PROCESSING(2003) 20

[15]

[16]

[17]

(18]

[19]

[20]

[21]

[22]

(23]

[24]

[25]

[26]

[27]

(28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

[38]

M. K. Ng andN. Bose,“Analysisof displacemenerrorsin high-resolutionmagereconstructiorwith multisensors, IEEE
Trans.on Circuits and Systems—IFundamentalTheoryand Applications vol. 49, no. 6, pp. 806—813,2002.

M. K. Ng, J. Koo, and N. Bose, “Constrainedtotal leastsquarescomputationsfor high resolutionimage reconstruction
with multisensors, International Journal of Imaging Systemsnd Technolagy, vol. 12, pp. 35-42,2002.

R. Molina, M. Vega, J. Abad,andA. Katsaggelos;Parameterestimationin bayesiarhigh-resolutionmagereconstruction
with multisensor$, Tech. Rep.,Oct. 2002.

R. Chan,T. Chan,L. Shen,andZ. Shen,“Wavelet algorithmsfor high-resolutionmagereconstructiofi, SIAM Journal on
Scienti c Computing vol. 24, no. 4, pp. 1408-14322003.

——, “Waveletdeblurringalgorithmsfor spatiallyvarying blur from high-resolutionimagereconstructiori, Linear Algebra
and its Applications vol. 366, pp. 139—-155,2003.

D. Donohoand|. Johnstone;ldeal spatialadaptatiorby wavelet shrinkag€, Biometrikag vol. 81, pp. 425-455,1994.

R. Gonzalezand R. Woods, Digital Image Processing Addison-Wesley, 1993.

I. Daubechies;en Lectues on Wavelets set CBMS ConferenceSeriesin Applied Mathematics. Philadelphia:SIAM,
1992,vol. 61.

S. Mallat, A WaveletTour of SignalProcessing2nd ed. AcademicPress,1999.

Q. Sun,N. Bi, andD. Huang,An Introductionto Multi-band Wavelets ZhejiangUniversity Press,2001.

G. Strangand T. Q. Nguyen,Waveletsand Filterbanks Wellesle, MA: Wellesleg/-Cambridge, 1997.

P. VaidyanathanMultirate Systems&nd Filter Banks New Jersg: PrenticeHall, Englevood Cliffs, 1993.

P. Soardi,“Biorthogonal M-channelcompactlysupportedvavelets; Constr Approximation vol. 16, pp. 283-311,2000.
Z. Shen,“Extensionof matriceswith Laurentpolynomialentries; in Proceeding®f the 15th IMA CS World Congreson
Scienti ¢ ComputationModeling and Applied Mathematics Ashim Syclov eds.,vol. 1, 1997,pp. 57-61.

W. Lawton, S. Lee,andZ. Shen,"An algorithmfor matrix extensionandwaveletconstructiori, Math. Computationvol. 65,
pp. 723-737,1996.

I. Daubechiesand J. C. Lagaris, “Two-scaledifferenceequationd: Existenceand global regularity of solutions; SIAM J.
Math. Anal, vol. 22, no. 5, pp. 1399-14101991.

Q. SunandZ. Zhang,"M-band scalingfunction with lter having vanishingmomentstwo and minimal length? J. Math.
Anal. Appl, vol. 222, pp. 225-243,1998.

X. Dai, D. Huang,and Q. Sun, “Local polynomial property and linear independencef re nable distributions; Archiv
Math,, vol. 78, pp. 74—-80,2002.

N. Bi, X. Dai, andQ. Sun,“Constructionof compactlysupportedM-bandwavelets; Appliedand ComputationaHarmonic
Analysis vol. 6, pp. 113-131,1999.

Z. Shi, G. W. Wei, D. Kouri, D. Hoffman, and Z. Bao, “Lagrangewaveletsfor signal processing, IEEE Transactionson
Image Processingvol. 10, no. 10, pp. 1488-15082001.

P. Heller, “Rank M wavelets with N vanishingmoments, SIAM J. Matrix Analysisand Its Applications vol. 16, pp.
502-519,1995.

C. Micchelli, “On a family of lters arising in wavelet constructior, Applied and ComputationalHarmonic Analysis
vol. 4, pp. 38-50,1997.

R.-Q. Jia, “Characterizatiorof smoothnes®f multivariatere nable functionsin Sobole spacé, Transactionof American
MathematicalSociety vol. 351, pp. 4089-41121999.

R. Lewis, “Cardinal interpolationmultiresolutior?, Journal of ApproximationTheory vol. 26, pp. 177-202,1994.

Septembed 9, 2003 DRAFT



Lixin Shenreceved his BScandMSc from PekingUniversity, China,in 1987and1990,respectiely, and
his PhD degreefrom ZhongsharUniversity, China,in 1996, all in mathematicsFrom Septembed996to
July 2001, he wasa researctfellow at Centerfor Wavelets,Approximation,and Information Processing,
NationalUniversity of Singapore.From August2001to July 2002,he wasa post-doctorafellow at Virtual
EnvironmentsResearchnstitute, University of Houston.He is currently a ResearchAssistantProfessor

at the Departmentof MathematicsWest Virginia University. His currentresearchinterestsare wavelets

andtheir applicationin image processing.

Qiyu SunrecevedtheBScandPhDdegreein mathematicérom HangzhouJniversity, Chinain 1985,1990
respectiely. He is currently visiting University of Houston.His prior position was with the Zhejiang
University, China,the NationalUniversity of Singapore Singapore andVanderbiltUniversity. His research
interestincludesmulti-bandwavelets,shift-invariantspacesyavelet andframelettheory samplingtheory
and Fourier analysis.He has publishedmore than 60 papersand written a book “An Introduction to

Multiband Wavelets” with Ning Bi and Daren Huang. He is the guesteditor of the Speciallssueon

Frames(2003) of the journal of Advancein ComputationaMathematics.



Figure 1.

Figure 2.

Figure 3.

Figure 4.

Figure5.

Figure 6.

Figure7.

Figure8.

Figure Captions

The plots of the scaling function . with = 0 (left column)and = % (right column)
correspondingo y: mo with M = 2;3;4;5 (from top to bottom).

The plots of the dual scalingfunction . € with = 0 (left column)and = 711 (right column)
correspondingo . @ with M = 3;4;5 (from top to bottom).

(a) The original “Boat” image;(b) The original “Bridge” image.

Numericalresultfor “Boat” imagewith displacemenerror%: (a) Obsenedhigh-resolutior256 256
image (with white noiseat SNR=30dBadded);(b) Reconstructe@56 256 imagefrom LSM; (c)
Reconstructe@56 256 imagefrom WAD; (d) Reconstructe@56 256 imagefrom WAM.
Numericalresultfor “Bridge” imagewith displacemenérror%: (a) Obsered high-resolution256
256 image (with white noiseat SNR=30dBadded);(b) Reconstructe@56 256 imagefrom LSM,;
(c) Reconstructe@56 256 imagefrom WAD; (d) Reconstructe@®56 256 imagefrom WAM.
For the casewith displacemenerror ;11, theimages(from top to bottom)areobsenred high-resolution
256 256imagesyreconstructedhigh-resolutioimagesfrom LSM, andreconstructethigh-resolution
imagesfrom WAM, respectrely. The left columnis for “Boat” image,while the right columnis for
“Bridge” image.

Zoom of numericalresultfor “Bridge” image with displacemenerror = %1: (a) Original high-
resolution; (b) Reconstructedmage from LSM; (¢) Reconstructedmage from WAD; (d) Recon-
structedimagefrom WAM.

The images(from top to bottom) are the low-resolution64 64 imagesfrom the (0; 0)th sensor
reconstructechigh-resolutionimagesfrom LSM, and reconstructedhigh-resolutionimagesfrom
WAM, respectiely. The left columnis for “Boat” images,while the right columnis for “Bridge”

images.
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Tablelll
Table IV
TableV
Table VI

Table Captions

p_
The coefcients of the bi-orthogonalwavelet Iter bankfor M = 2and 2 1 73;1 .

N

The coefcients of the bi-orthogonalwavelet Iter bankfor M = 3and 2 [0; %), where 1 =
and 2= 3 5.

The coefcients of the bi-orthogonalwavelet Iter bankfor M = 4and 2 [0; %), where 3 =
The PSNRresultsfor the2 2 sensorarray

The PSNRresultsfor the 3 3 sensorarray

The PSNRresultsfor the4 4 sensorarray
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Bl

Image | SNR | LSM | WAD | WAM | LSM | WAD | WAM
20 | 2915 | 32204 | 31:55 | 28:32 | 31:28 | 31:12

Boat 30 | 30:02 | 32:68 | 3213 | 29:09 | 31:85 | 32:65
40 | 30:40 | 3293 | 32:36 | 29:42 | 3205 | 32:85

20 | 27:98 | 2860 | 2805 | 2819 | 2811 | 29:10

Bridge | 30 | 28:64 | 29:07 | 2842 | 2896 | 2852 | 29:56
40 | 2894 | 29:25 | 28:60 | 29:32 | 28:68 | 29:74

Table 4



Bl

Image | SNR | LSM | WAM | LSM | WAM
20 | 26:38 | 2832 | 2575 | 29:18

Boat 30 | 26:61 | 2847 | 26:00 | 29:32
40 | 26:69 | 2852 | 26:09 | 29:37

20 | 2547 | 2552 | 25551 | 26:18

Bridge | 30 | 25:68 | 25:64 | 25:80 | 26:32
40 | 2576 | 25:69 | 2592 | 26:36

Table 5



Bl

Image | SNR | LSM | WAD | WAM | LSM | WAD | WAM
20 | 2501 | 27:40 | 27:19 | 2491 | 27:28 | 27:38

Boat 30 | 2512 | 27:53 | 27:32 | 25:.05 | 27:40 | 27:49
40 | 2516 | 27:57 | 27:36 | 2510 | 27:44 | 27:54

20 | 2404 | 2451 | 2420 | 24:21 | 2439 | 2457

Bridge | 30 | 24:16 | 24:57 | 24:27 | 24:38 | 24:46 | 24:65
40 | 24:21 | 24:60 | 24:30 | 24:45 | 24:48 | 24:68

Table 6
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