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Bi-orthogonalWavelet Systemfor

High-ResolutionImageReconstruction
Lixin Sheny andQiyu Sun

Abstract

High-resolutionimagesare often desiredbut madeimpossiblebecauseof hardware limitation. For

the high-resolutionmodel proposedby Boseand Boo, the iterative wavelet-basedalgorithm has been

shown to perform better than traditional leastsquaremethodwhen the resolutionratio M is two and

four. In this paper, we discussthe minimally supportedbi-orthogonalwavelet systemarisenfrom the

mathematicalmodel by Boseand Boo, and proposea wavelet-basedalgorithm for arbitrary resolution

ratio M � 2. Thenumericalresultsindicatethatthealgorithmbasedon our bi-orthogonalwaveletsystem

performsbetterin high-resolutionimagereconstructionthanthewavelet-basedalgorithmin the literature

andalso the common-usedleastsquaremethod.
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I . INTRODUCTION

High-resolutionimagesare often desiredin many situations,such as remote sensingand medical

imaging,but madeimpossiblebecauseof hardwarelimitations.Thenincreasingthe resolutionby image

processingtechniquesis of greatimportance.The earliestformulationof the problemof high-resolution

imagereconstructionwasproposedby HuangandTsay[1] in 1984,whereit wasmotivatedby the need

of improved resolutionimagesfrom Landsatimagedata.This work hasdrawn a lot of researchattention

and hasbeenextensively treatedin the last threedecades[2], [3], [4], [5], [6], [7], [8], [9], [10], [11],

[12], [13], [14], [15], [16], [17]. Applicationsof high-resolutionimageconstructionarisein many areas.

The main idea is to recover a single high-resolutionimagefrom a set of low quality imagesof a true

image.

Themodelin BoseandBoo [9] concentrateson reconstructingonehigh-resolutionimagefrom multiple

low-resolution,shifted,degradedsamplesof a true image.That modelwas�rst analyzedfrom a wavelet

point of view for boththecasewith no displacementerror [18] andthecasewith displacementerror [19].

In [18], we followed the approachin [9] and consideredthe casewherethe blur is spatially invariant,

i.e., thereareno displacementerrorsin the low-resolutionsamples.By expressingthe true image(high-

resolutionimage)asa function in L 2(R2), we derived an iterative algorithmwhich recoversthe function

completelyin the L 2 sensefrom the given low-resolutionfunctions.Thesealgorithmsdecomposethe

functionobtainedfrom thepreviousiterationinto differentfrequency componentsin thewavelettransform

domain, and then add them into the new iterate to improve the approximation.Wavelet thresholding

methods[20] are appliedto de-noisethe function obtainedin the previous stepbeforeaddingit to the

new iterate.In [19], we consideredthe casewhere thereare displacementerrors in the low-resolution

samples.The resultingblurring operatoris spatially varying and is formed by samplingand summing

different spatially invariant blurring operators.We representedeachof thesespatially invariant blurring

operatorsby a tensorproductof a low pass�lter which associatesthe correspondingblurring operator

with a multiresolutionanalysisof L 2(R2). That low pass�lter is a tensorproductof the univariatelow

pass�lter
1

M

h1
2

+ �; 1; : : : ; 1
| {z }

M � 1

;
1
2

� �
i
; (1)

whereM is the ratio betweenhigh andlow resolutions.We will refer to the �lter of (1) as (M ; � ) high-

resolution�lter ((M ; � )-HRF). For M = 2 andM = 4, it wasshown in [18] and[19] that the sequence

(1) is a primal low pass�lter in a bi-orthogonalwavelet system,and that the correspondingwavelet-

basedalgorithmsgive better resultsthan the existing method[9], [11] in termsof high output quality
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and low relative errors.In this paper, we designthe minimally supportedbi-orthogonalwavelet system,

whoseprime low pass�lter is the (M ; � )-HRF, for arbitrary resolutionratio M � 2 and displacement

error � 2 (� 1
2 ; 1

2), andwe apply the correspondingwavelet-basedalgorithmto the high-resolutionimage

reconstruction.Thenumericalresultsshow thatthewavelet-basedalgorithmwith theminimally supported

�lters designedin this paperperformsbetter than the least squaremethods(seefor example [21]) in

the imagequality and peaksignal-to-noiseratio (PSNR),and the similar wavelet-basedalgorithm with

different �lters ([19]) in lessartifacts.

This paperis organizedas follows. In SectionII, we brie�y recall the mathematicalmodel for high-

resolutionimagereconstructionandpreliminarytheoryfor thebi-orthogonalwaveletswith dilation M �

2. In SectionIII, we �rst show that the (M ; � )-HRF is thelow pass�lter associatedwith a multiresolution

analysiswith dilationM . Next, wepresenta methodto designtheduallow pass�lter of (M ; � )-HRF from

the oneof (M ; 0)-HRF. Finally we prove the (M ; � )-HRF andits dual arethe low pass�lters associated

with two bi-orthogonalmultiresolutionanalyseswith dilation M . In SectionIV, a bi-orthogonalwavelet

�lter bank with (M ; � )-HRF as the low pass�lter is constructedexplicitly. The numericalexperiments

for the designedwavelet �lter bankarepresentedin SectionV. The conclusionof this paperis given in

SectionVI.

Notations:Bold-facedcharactersindicatevectorsandmatrices.The matrix L T denotesthe transposeof

the matrix L . Symbol I and0 denotethe identity andzeromatricesrespectively. Throughoutthe paper,

j will denote
p

� 1. For a given function f 2 L 1(R), bf (! ) =
R

R f (x)e� j x! dx will denotethe Fourier

transformof f . For a given sequencem, bm(! ) =
P

k2 Z m(k)e� j k! will denotethe Fourier seriesof m.

bm� denotesthe complex conjugate of bm. The Kronecker character� k;l = 1 if k = l and 0 otherwise.

The `2 norm kuk2 of a sequenceu := f u(k)gk2 Z is kuk2 =
� P

k2 Z ju(k)j2
� 1=2. The differenceoperator

r is de�ned by r v(k) = v(k) � v(k + 1); k 2 Z, wherev := f v(k)gk2 Z .

I I . MATHEMATICAL MODEL AND BI-ORTHOGONAL WAVELETS

This section includes two parts. In the �rst part, we brie�y describethe mathematicalmodel of

the high-resolutionimagereconstructionproblem,and introducea wavelet-basedhigh-resolutionimage

reconstructionalgorithmfor any given ratio M � 2 andany horizontalandvertical displacementerrors

� x ; � y in (� 1
2 ; 1

2). Preliminariesof the bi-orthogonalwavelet theory is given in the secondpart.
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A. MathematicalModel

Let the intensity function of an underlying continuousimage be f (x; y). The model assumesthat

an image at a given resolutionis obtainedby meansof averaging f over the pixels which have size

correspondingto that resolution.The mathematicalproblem is: given several averagesof f at a low

resolution,how canwe deducea goodapproximationto an averageof f at a higher resolution?

Supposethattheimageof agivenscenecanbeobtainedfrom sensorswith N1� N2 pixels.Let theactual

lengthandwidth of eachpixel beT1 andT2 respectively. Our aim is to constructa higherresolutionimage

by usinganarrayof M 1 � M 2 low-resolutionsensors,i.e., we wantan imagewith K 1 � K 2 pixels,where

K 1 = M 1N1 and K 2 = M 2N2. Thus the length and width of eachof thesehigh-resolutionpixels will

be T1=M 1 andT2=M 2 respectively. To maintainthe aspectratio of the reconstructedimage,we consider

only M 1 = M 2 = M . By reconstructingthe high-resolutionimage,we meanto �nd or approximatethe

valueswhich is theaverageintensityof all thepointsinsidethe (p;q)th high-resolutionpixel. In orderto

have enoughinformationto resolve the high-resolutionimage,therearesubpixel displacementsbetween

the sensorsin the sensorarrays.For sensor(m1; m2), 0 � m1; m2 < M with (m1; m2) 6= (0; 0), its

horizontalandvertical displacementsdx
m 1 ;m 2

and dy
m 1 ;m 2 with respectto the (0; 0) referencesensorare

given by dx
m 1 ;m 2

=
�
m1 + � x

m 1 ;m 2

� T1
M anddy

m 1 ;m 2 = (m2 + � y
m 1 ;m 2 ) T2

M . Here � x
m 1 ;m 2

and � y
m 1 ;m 2 are the

horizontaland vertical displacementerrorsrespectively. For sensor(m1; m2), the valuesgm 1 ;m 2 [n1; n2]

registeredat its (n1; n2)th pixel is modeledby theaverageintensityof all pointsinsidethe low-resolution

pixels andcontaminatedthenby noise.The K 1 � K 2 observed high-resolutionimageg is formedfrom

all the low-resolutionimagesgm 1 ;m 2 by assigningg[M n1 + m1; M n2 + m2] = gm 1 ;m 2 [n1; n2].

The blurring matrix for the whole sensorarray is madeup of matricesfrom eachsensor:

L (� x ; � y) =
M � 1X

m 1 =0

M � 1X

m 2 =0

D m 1 ;m 2 L (� x
m 1 ;m 2

; � y
m 1 ;m 2

):

Here both � x and � y are M � M matrices;D m 1 ;m 2 are K 1K 2 � K 1K 2 samplingmatrices,which are

diagonalmatriceswith diagonalelementsequal to 1 if the correspondingcomponentof g comesfrom

the (m1; m2)th sensorandzerootherwise;L (� x
m 1 ;m 2

; � y
m 1 ;m 2 ) is theKronecker productof L (� x

m 1 ;m 2
) and

L (� y
m 1 ;m 2 ), i.e., L (� x

m 1 ;m 2
; � y

m 1 ;m 2 ) = L (� x
m 1 ;m 2

) 
 L (� y
m 1 ;m 2 ), whereL (� x

m 1 ;m 2
) is an K 2 � K 2 circular

matrix (underperiodicboundarycondition)with the middle row given by

1
M

h
0; � � � ; 0;

1
2

+ � x
m 1 ;m 2

; 1; : : : ; 1
| {z }

M � 1

;
1
2

� � x
m 1 ;m 2

; 0; � � � ; 0
i

(2)

(thereareK 2 � M � 1 zerocomponents)andsimilarly for the K 1 � K 1 blurring matrix L (� y
m 1 ;m 2 ). The
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reconstructionof high-resolutionimagecanbe modeledassolving

L (� x ; � y)f = g; (3)

wheref andg arethecolumnvectorsformedby f andg respectively. TheblurringmatrixL (� x
m 1 ;m 2

; � y
m 1 ;m 2 )

correspondingto the (m1; m2)th sensorcan be consideredas a low pass�lter acting on the image f .

This low pass�lter is a tensorproductof the (M ; � )-HRF (see(1) and(2)), wherethe parameters� are

different in the x andy directionsfor eachsensor.

To introducethe wavelet-basedhigh-resolutionimagereconstructionalgorithm,we only considerthe

case� x
m 1 ;m 2

= � x and� y
m 1 ;m 2 = � y for all 0 � m1; m2 < M . Moreover, thedisplacementerrorsatis�esthe

physicalrequirementj� x j; j� y j < 1=2 (see,e.g.[9] and[19]). In thatcase,theblurringmatrixL = L (� x ; � y)

in (3) becomesL (� x ) 
 L (� y), where L (� ) is the matrix representationof the (M ; � )-HRF. Starting

from the low pass�lter (M ; � )-HRF, we constructdual low pass�lters M ;� em0, high pass�lter bank

M ;� mt ; 1 � t � M � 1, and dual high pass�lter bank M ;� emt ; 1 � t � M � 1, for any � 2 (� 1
2 ; 1

2) in

the following two sections.This leadsto a perfectreconstructionof that bi-orthogonalwavelet system

eL T (� )L (� ) +
M � 1X

t=1

eG T
t (� )G t (� ) = I ;

where eL (� ), G t (� ), eG t (� ); 1 � t � M � 1, are the matrix representationof the correspondingdual low

pass�lter , high pass�lter bank,anddual high pass�lter bank,respectively. De�ne eL = eL (� x ) 
 eL (� y),

G 0t 0 = L(� x ) 
 G t 0(� y), G t0 = G t (� x ) 
 L (� y), andG tt 0 = G t (� x ) 
 G t 0(� y), where1 � t; t0 � M � 1.

Similarly we de�ne eG tt 0 for all 0 � t; t0 � M � 1 except (t; t0) = (0; 0). Thesematricessatisfy

eL T L +
X

0 � t;t 0� M � 1

(t;t 0)6=(0 ;0)

eG T
tt 0G tt 0 = I

(see[22], [23], [24], [25], [26]). Thenthe following iterative wavelet-basedhigh-resolutionimagerecon-

structionalgorithmis usedto approximatethe solutionof the equation(3):

fn+1 = eL T g +
X

0 � t;t 0� M � 1

(t;t 0)6=(0 ;0)

eG T
tt 0T (G tt 0fn ) (4)

for n � 0 with the initial f0 = 0, whereT is the thresholdingoperator[20]. When the resolutionratio

M of the reconstructionimage is 2 or 4, the above iterative reconstructionalgorithm reducesto the

algorithmin [18] and[19]. However, we shouldpoint it out that matriceseL , G tt 0, and eG tt 0 aredifferent

from thosein [18] and [19].
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B. Bi-orthogonal WaveletSystemwith Dilation M

In thissection,werecallsomebasictheoryfor bi-orthogonalwaveletsnecessaryfor our laterexposition.

For a morecompleteandrigorouspresentation,interestedreadersmay refer to [24], [25], [26] and[27].

We startfrom a compactlysupportedscalingfunction � andthecorrespondingmultiresolutionanalysis

with dilation M . An multiresolutionanalysiswith dilation M is a family of closedsubspacesf Vngn2 Z

of L 2(R) that satis�es 1)
S

n Vn is densein L 2(R) and
T

n Vn = f 0g; 2) Vn � Vn+1 and f (�) 2 Vn if

and only if f (M �) 2 Vn+1 for all n; 3) f � (x � k) : k 2 Zg forms a Rieszbasisof the shift invariant

spaceV0.

The scalingfunction � satis�es a re�nement equation

� (x) = M
X

k2 Z

m0(k)� (M x � k) (5)

and the normalizationcondition b� (0) = 1, where the �nitely supportedsequencem0 on Z satis�es
P

k2 Z m0(k) = 1. If � 2 L 2(R) andits shiftsform aRieszbasisof thecorrespondingshift invariantspace,

thenwe call � stable.It is known ([24], [25], [26]) that � is a scalingfunction of somemultiresolution

if andonly if � is a stablefunction in L 2 andsatis�es a re�nement equationof the form (5).

Taking the Fourier transformon both sidesof (5), we have

b� (! ) = bm0

� !
M

�
b�

� !
M

�
; ! 2 R: (6)

We call bm0 the symbolof the scalingfunction � . Very often,we alsocall m0 or bm0 the low pass�lter .

Applying (6) iteratively for n timesyields

b� (! ) =
nY

i =1

bm0

� !
M i

�
b�

� !
M n

�
:

Letting n tend to in�nity in the above equationand using the normalizationcondition of � , we then

obtain the explicit expressionof b� via its correspondinglow pass�lter bm0,

b� (! ) =
1Y

i =1

bm0

� !
M i

�
:

A function e� 2 L 2(R) is calleda dual function of � 2 L 2(R) if
Z

R
� (x � k) e� (x � k0)dx = � k;k0 8 k; k0 2 Z: (7)

Often we call � and e� a dual pair. In the bi-orthogonalwavelet setting, thereare two multiresolution

analyses,f Vng and f eVng, whosescalingfunctions � and e� form a dual pair. For a dual pair of scaling
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functions� and e� , it follows from (5) and(7) that their correspondinglow pass�lters bm0 and bem0 satisfy
M � 1X

t=0

bm0(� + #t ) bem
�
0(� + #t ) = 1;

where #t = 2� t
M , t = 0; 1; � � � ; M � 1. By matrix extension([28], [29]), there exist bms and bems; s =

1; : : : ; M � 1, so that
M � 1X

t=0

bms(! + #t ) bem
�
s0(! + #t ) = � s;s0 (8)

for all s; s0 = 0; : : : ; M � 1. This implies the perfectreconstructionfor the analysis�lter banks bms; 0 �

s � M � 1, and the synthesis�lter bank bems; 0 � s � M � 1:
M � 1X

s=0

bms(! ) bem
�
s(! + #t ) = � t;0;

where t = 0; : : : ; M � 1. We mention that �lters m0 and em0 to be low pass,and that ms and ems,

s = 1; � � � ; M � 1, to be high pass,in the sensethat

bm0(#k ) = bem0(#k ) = � k;0;

bms(0) = bems(0) = 0; s = 1; � � � ; M � 1:

By (7) and(8), the functions s and e s; 1 � s � M � 1, which arede�ned by

b s(! ) = bms

� !
M

�
b�

� !
M

�
; be s(! ) = bems

� !
M

� be�
� !

M

�
;

are multi-band bi-orthogonalwavelets constructedfrom the multiresolutionanalysesf Vng and f eVng.

Thereforestartingfrom adualpairof scalingfunctions� and e� , theconstructionof bi-orthogonalwavelets

 s and e s; 1 � s � M � 1, reducesto the constructionof high pass�lters bms and bems; 1 � s � M � 1,

so that they togetherwith the low pass�lters bm0 and bem0 of the scalingfunctions � and e� satisfy the

perfectreconstructioncondition(8).

I I I . THE HIGH-RESOLUTION FILTER AND ITS DUAL

In this section,we show that i) the (M ; � )-HRF is the low pass�lter of a scalingfunction; ii) the dual

�lters with displacementerror can be deviated from the oneswith no displacementerror; and iii) the

minimally supporteddual �lter is the low pass�lter of a dual scalingfunction.

The index of thehigh-resolution�lter (M ; � )-HRF, which is formulatedin themathematicalmodelfor

the reconstructionof a high-resolutionimage,startsfrom �b M
2 c to bM +1

2 c. Herebyc denotesthe largest

integer not exceedingy. Note that if bms(! ); bems(! ); 0 � s � M � 1, satisfy(8), thenso do ej k0 ! bms(! ),

ej k0 ! bems(! ), 0 � s � M � 1, wherek0 2 Z. Thuswe assumethat the index of the high-resolution�lter
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(M ; � )-HRF startsfrom 0 to M instead.We denotethat �lter by M ;� m0, and denote M ;0m0 as M m0

when there is no displacementerror. Also notice that M ;� � bm0(! ) = e� j M !
M ;� bm0(� ! ), and that if

bms(! ); bems(! ); 0 � s � M � 1, satisfy(8) thenso do bms(� ! ), bems(� ! ), 0 � s � M � 1. Thuswe may

further assumethat the displacementerror satis�es the physical requirement(see[9] and [19])

0 � � <
1
2

: (9)

A. (M ; � )-HRF is the low pass�lter of a scaling function

De�ne M ;� � by

M ;� b� (! ) =
1Y

k=1

M ;� bm0(M � k ! ): (10)

We �rst show thatundertheassumptionof (9), thefunction M ;� � de�ned in (10) is Höldercontinuousand

hencein L 2(R). To this end,we noticethat the (M ; � )-HRF canbedecomposedinto thesumof the �lter

( 1
2 + �; 1

2 � � ) with differentshifts. For example,for M = 2, 1
2

� 1
2 + �; 1; 1

2 � �
�

= 1
2

� 1
2 + �; 1

2 � �; 0
�

+
1
2

�
0; 1

2 + �; 1
2 � �

�
. In general,in the Fourier domain,we have

M ;� bm0(! ) =
��

1
2

+ �
�

+
�

1
2

� �
�

e� j !
�

�
1

M

h
1 + e� j ! + � � � + e� j (M � 1)!

i
: (11)

Thus M ;� � is supportedin [0; M
M � 1 ] � [0; 2] and

X

k2 Z

M ;� � (x � k) = 1 8 x 2 R (12)

([24], [25], [26]). Combining(5) and(12), we obtain

M ;� �
� x

M

�
=

�
1
2

+ �
�

M ;� � (x);

M ;� �
�

x + 1
M

�
=

�
1
2

+ �
�

+
�

1
2

� �
�

M ;� � (x);

M ;� �
�

x + s
M

�
= 1 for 2 � s � M � 1;

wherex 2 [0; 1). So M ;� � is monotoneon [0; 1], and

j M ;� � (x) � M ;� � (y)j � Cjx � yj � 0

for all x; y 2 R, where � 0 = �
ln max(j 1

2
+ � j;j 1

2
� � j)

ln M and C is a positive constant([30], [31]). Recall that

j 1
2 + � j; j 1

2 � � j < 1 by (9). Then M ;� � is Hölder continuouswith Hölder exponent� 0 > 0, andtherefore

belongsto L 2(R).
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For � 2 [0; 1
2), � 0 = �

ln j 1
2

+ � j
ln M , which decreasesas� increases.Thusthescalingfunction M ;� � becomes

lesssmoothas � increases,which can also be seenfrom the graphsof the scalingfunctions M ;� � for

M = 2; 3; 4; 5 in Figure 1. Also from thosegraphs,we observe that the functions M ;� � are in�nitely

piecewise constantfunctionswhen M � 3. The theoreticalproof of the above observation is given in

[31] and [32].

Next, we show that the function M ;� � is stable.It is known that M ;� � is stableif and only if there

exist two positive constants0 < C1 � C2 < + 1 so that

C1 �
X

k2 Z

j M ;� b� (! + 2k� )j2 � C2 (13)

for all ! 2 [� � ; � ] ([22], [24]). The estimateat the right hand side of (13) follows easily from the

Poissonformula

X

k2 Z

j M ;� b� (! + 2k� )j2 =
X

l2 Z

e� j l !
Z

R
M ;� � (x) M ;� � (x � l )dx;

and the fact that M ;� � is a compactlysupportedL 2 function. On the other hand, the estimateat the

left handside of (13) is true since M ;� b� (! ) 6= 0 for all ! 2 [� � ; � ], which follows from (10) and the

observation that M ;� bm0(! ) 6= 0 for all ! 2
�
� �

M ; �
M

�
by (11). This proves the stability of M ;� � , and

concludesthat the �lter M ;� bm0 is the low pass�lter of the scalingfunction M ;� � .

Theorem1: Thefunction M ;� � de�ned by (10) is a scalingfunctionof a multiresolutionanalysiswith

dilationM , andthe(M ; � )-HRF is thelow pass�lter associatedwith thescalingfunction M ;� � . Moreover,

M ;� � is supportedin
h
0; M

M � 1

i
, andHölder continuouswith Hölder exponent� 0 = �

ln max( j 1
2

+ � j;j 1
2

� � j)
ln M .

B. Dual low pass�lter s of the (M ; � )-HRF

In this subsection,we proposea constructive methodto designthe dual low pass�lter M ;�
bem0 of

M ;� bm0 so that
M � 1X

t=0
M ;� bm0(! + #t ) M ;�

bem
�
0(! + #t ) = 1 8 ! 2 R; (14)

and

M ;�
bem0(#t ) = 0 8 t = 1; : : : ; M � 1: (15)

Also we discussthe constructionof dual low pass�lter with no displacementerror.

By (11), we have M ;� bm0(! ) = M bm0(! ) + �
M (1 � e� j M ! ). This inspiresus to construct M ;�

bem0 from

M
bem0, which is a solutionof (14) and(15) with � = 0. Let

M ;�
bem0(! ) = M

bem0(! ) + e� j k0 ! bm(M ! )
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for some bm, where1 � k0 � M � 1. Substitutingthe above expressioninto (14) and(15), we obtain

�
M

(1 � e� j M ! )
M � 1X

t=0

bem
�
0(! + #t ) + bm� (M ! ) = 0

and bm(0) = 0. Thereforewe have

Proposition1: Assumethat the sequenceM em0 is the dual low pass�lter of M bm0 for the caseof

no displacementerror. Then

M ;�
bem0(! ) := M

bem0(! )

� e� j k0 ! �
M

(1 � ej M ! )
M � 1X

t=0

bem0(! + #t ) (16)

is a dual low pass�lter of M ;� bm0, where1 � k0 � M � 1.

Notice that
P M � 1

s=0 e� j k(! + #s ) = M e� j k! if k is a multiple of M ; 0, otherwise.Thus the difference

between M ;� em0 and M em0 is � [ M em0(kM ) � M em0((k + 1)M )] occurring at indices kM + k0 for

possiblek. For example,for M = 2,

2
bem0(! ) = �

1
8

ej ! +
1
4

+
3
4

e� j ! +
1
4

e� 2j ! �
1
8

e� 3j !

is a dual low pass�lter of 2m0 [22]. Applying Proposition1,

2;�
bem0(! ) = �

�
1
8

�
�
4

�
ej ! +

1
4

+
3
4

e� j !

+
1
4

e� 2j ! �
�

1
8

+
�
4

�
e� 3j ! (17)

is a dual low pass�lter of 2
bem0 ([19]).

Now we turn to discussthe constructionof dual low pass�lter with no displacementerror. A �lter bm

is called interpolatorylow pass�lter if

M � 1X

t=0

bm(! + #t ) = 1 8 ! 2 R;

and

bm(#t ) = � t;0; t = 0; : : : ; M � 1:

For the pair of the low pass�lter M bm0 and its dual low pass�lter M
bem0, the �lter bm de�ned by

bm(! ) = M bm0(! ) M
bem

�
0(! );

is an interpolatorylow pass�lter , andsatis�es

bm(#t ) = bm0(#t ) = 0; t = 1; : : : ; M � 1: (18)
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Moreover,

bm00(� ) = 0 (19)

if M is even, and

bm(� ) = 0 (20)

if M is odd. It is known that any interpolatorylow pass�lter bm, which satis�es (18), canbe written as

bm(! ) =
(1 � ej M ! )(1 � e� j M ! )
M 2(1 � ej ! )(1 � e� j ! )

+(1 � ej M ! )(1 � e� j M ! )
M � 1X

t=1

e� j t! Rt (M ! ) (21)

for someRt (! ); 1 � t � M � 1 ([33], [34], [35]). Substituting(21) into (19) and(20), we obtain

M � 1X

t=1

(� 1)t Rt (M � ) = �
1

4M 2 : (22)

The generalprocedureto constructinterpolatorylow pass�lters with preassignedzerosis discussedin

[36] whenM = 2. By (21) and(22), we get

Proposition2: Let M
bem0 be the dual low pass�lter of M bm0. Then

M
bem0(! ) =

1 � e� j M !

M � M e� j !

h1 + e� j !

2

+(1 � e� j ! )(1 � ej ! )
R(! ) � R(� )

1 + ej !

i
;

whereR satis�es R(� ) = � 1
2 and

P M � 1
t=0 R(! + #t ) = 0.

In order to obtaina dual low pass�lter M
bem0 with minimal length, R(! )� R(� )

1+ ej ! shouldbe a constant,

i.e., R(! ) = � 1
2 + c(1 + ej ! ). Since

P M � 1
t=0 R(! + #t ) = 0, it yields c = 1

2 . Thus,R(! ) = 1
2ej ! . By

Proposition2, we obtain the dual low pass�lter M em0 with minimal length,

M
bem0(! ) = �

1
2M

ej ! +
1

M
+ � � � +

1
M

e� j (M � 2)!

+
3

2M
e� j (M � 1)! :

Taking k0 = M � 1 in Proposition1 and using the above �lter as the dual low pass�lter with no
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displacementerror, we get a dual low pass�lter M ;�
bem0 with minimal lengthandvanishingmoment1,

M ;�
bem0(! ) =

1
M

h
1 + � � � + e� j (M � 1)!

i

�
�
�

�
1
2

� �
�

ej ! +
�

3
2

� �
��

= �
�

1
2M

�
�

M

�
ej ! +

1
M

+ � � �

+
1

M
e� j (M � 2)! +

�
3

2M
�

�
M

�
e� j (M � 1)! :

(23)

For instance,the above dual low pass�lter M ;�
bem0 becomes

�
�

1
4

�
�
2

�
ej ! +

1
2

+
�

3
4

�
�
2

�
e� j !

whenM = 2,

�
�

1
6

�
�
3

�
ej ! +

1
3

+
1
3

e� j ! +
�

1
2

�
�
3

�
e� 2j !

whenM = 3, and

�
�

1
8

�
�
4

�
ej ! +

1
4

+
1
4

e� j ! +
1
4

e� 2j ! +
�

3
8

�
�
4

�
e� 3j !

whenM = 4.

C. Dual low pass�lter of a dual scaling function

In this subsection,we �rst show that the dual �lter M ;�
bem0(! ) in (23) is the low pass�lter associated

with a multiresolutionanalysiswith dilation M .

Theorem2: Let either M � 3 and � 2
�
0; 1

2

�
, or M = 2 and � 2

�
1 �

p
3

2 ; 1
2

�
, and let M ;� e� be the

solutionof a re�nement equation(5) with the symbol M ;�
bem0 in (23). Then M ;� e� is a scalingfunction

of a multiresolutionanalysiswith dilation M .

Proof: We �rst prove the function M ;� e� , which is de�ned by

M ;�
be� (! ) =

1Y

n=1
M ;�

bem0(M � n ! );

is a function in L 2(R). To this end,de�ne thesubdivision operatorS correspondingto the low pass�lter

M ;� bm0 by

Su(k) =
X

k02 Z

M ;� m0(k � M k0)u(k); k 2 Z;
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whereu := f u(k)g. By calculation,the Fourier seriesof the sequencer Sn � is

�
1 � e� j M n ! � n� 1Y

i =0

�
�

�
1
2

� �
�

ej M i ! +
�

3
2

� �
� �

for any n � 1, where� is the usualdeltasequence.Thus

kr Sn � k2
2 = 2

 �
1
2

� �
� 2

+
�

3
2

� �
� 2

! n

= 2
�

1
2

+ 2(1 � � )2
� n

;

which implies that

kr Sn � k2
2 � 2M n 8 n � 1;

for either M � 3 and � 2
�
0; 1

2

�
, or M = 2 and � 2

�
1 �

p
3

2 ; 1
2

�
: Thus M ;� e� is a function in L 2(R)

([24], [37]). Following the proof of Theorem1 leadsto the stability of M ;� � .

The dual scalingfunctions M ;� e� for M = 3; 4; 5 are shown in Figure 2. The dual scalingfunctions

M ;� e� are not Hölder continuous.In particular, the Hölder exponentof the dual scalingfunctions M ;� e�

is �
ln( 3

2
� � )

ln M andthusnegative for any � 2 [0; 1
2). But asseenfrom the graphs,the dual scalingfunctions

M ;� e� becomeslessirregular as � increases.

The rest of this sectionis devoted to show that the pair of scaling functions M ;� � and M ;� e� is a

dual pair, wherethe symbolsof the scalingfunctions M ;� � and M ;� e� are de�ned as in (11) and (23)

respectively. Our result is the following:

Theorem3: Let M ;� � and M ;� e� be the scalingfunctionswith their correspondinglow pass�lters as

in (11) and(23) respectively. Assumethat eitherM � 3 and � 2 (0; 1
2), or M = 2 and � 2

�
1 �

p
3

2 ; 1
2

�
.

Then M ;� e� is the dual of M ;� � .

Proof: Let bm(! ) := M ;� bm0(! ) M ;�
bem

�
0(! ), andlet M ;� � bethesolutionof there�nementequation

(5) with symbol bm. Clearly bm is an interpolatorylow pass�lter , and

M ;� b� (! ) = M ;� b� (! ) M ;�
be�

�
(! ):

By Theorems1 and2, both M ;� � and M ;� e� arecompactlysupportedfunctionsin L 2, andhence M ;� �

is a compactlysupportedcontinuousfunction. By (11) and (23), both M ;� bm0(! ) and M ;�
bem0(! ) are

nonzerofor all ! 2
�
� �

M ; �
M

�
. Thusthe stability of M ;� � follows by the sameprocedureasusedin the

proof of Theorem1. Therefore M ;� � satis�es interpolatorycondition,that is, M ;� �( k) = � k;0; k 2 Z

([24], [33], [38]). This proves the dual propertybetween M ;� � and M ;� e� .

Remark:For M = 2, if the displacementerror 0 � � � 1 �
p

3
2 , we canusethe dual �lter (17) instead

of the one in (23) to obtaina dual scalingfunction in L 2(R).
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IV. BI-ORTHOGONAL WAVELET FILTER BANK

In this section,we considerthe constructionof bi-orthogonalwavelet �lter bank with low pass�lter

andthedual low pass�lter given in (11) and(23), that is, to �nd high pass�lters M ;� bmt ; 1 � t � M � 1,

anddual high pass�lters M ;�
bemt ; 1 � t � M � 1, so that

M � 1X

s=0
M ;� bmt (! + #s) M ;�

bem
�
t 0(! + #s) = � t;t 0 (24)

for all t; t0 = 0; : : : ; M � 1, and

M ;� bmt (0) = M ;�
bemt (0) = 0 (25)

for t = 1; : : : ; M � 1.

The equation(25) follows from taking ! = 0 in (24) and using the low pass�lter propertiesof the

�lters M ;� bm0 and M ;�
bem0. To solve theequation(24),we needthepolyphasedecompositionof the�lters

M ;� bmt and M ;�
bemt ; 0 � t � M � 1. Let

M ;� bmt (! ) =
M � 1X

s=0

e� j s!
M ;� bmt;s (M ! ) (26)

for 0 � t � M � 1, andset

H (! ) =

2

6
6
6
4

M ;� bm0;0(! ) � � � M ;� bm0;M � 1(! )
...

...
...

M ;� bmM � 1;0(! ) � � � M ;� bmM � 1;M � 1(! )

3

7
7
7
5

: (27)

Similarly let

M ;�
bemt (! ) =

M � 1X

s=0

e� j s!
M ;�

bemt;s (M ! ) (28)

andset

eH (! ) =

2

6
6
6
4

M ;�
bem0;0(! ) � � � M ;�

bem0;M � 1(! )
...

...
...

M ;�
bemM � 1;0(! ) � � � M ;�

bemM � 1;M � 1(! )

3

7
7
7
5

: (29)

Thenwe may write (24) as

H (! ) eH (� ! )T =
1

M
I : (30)

By (11) and(23), the �rst row of H is

a0 + b0e� j ! :=
1

M

��
1
2

+ �
�

+
�

1
2

� �
�

e� j ! ; 1; � � � ; 1
�

;
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andthe oneof eH is

ea0 + eb0ej ! :=
1

M

�
1; � � � ; 1;

�
3
2

� �
�

�
�

1
2

� �
�

ej !
�

:

We do not intend to �nd all solutionsof the equation(30) (see[28], [29] for generalresults),but here

we try to �nd somesolutionsof the form

H (! ) = H 1 + H 2e� j ! (31)

and

eH (! ) = eH 1 + eH 2ej ! ; (32)

whereH 1; H 2; eH 1 and eH 2 aresquarematriceswith real entries.

For M = 2, onemay verify that

H (! ) =
1
2

2

4
1
2 + � 1

� 3
2 + � 1

3

5 +
1
2

2

4
1
2 � � 0
1
2 � � 0

3

5 e� j !

and

eH (! ) =
1
2

2

4
1 3

2 � �

� 1 1
2 + �

3

5 +
1
2

2

4
0 � 1

2 + �

0 1
2 � �

3

5 ej !

satis�es (30). Therefore

2;� bm1(! ) =
1
2

�
�

�
3
2

� �
�

+ e� j ! +
�

1
2

� �
�

e� 2j !
�

(33)

and

2;�
bem1(! ) =

1
2

��
1
2

� �
�

ej ! � 1 +
�

1
2

+ �
�

e� j !
�

(34)

are the high pass�lter anddual high pass�lter correspondingto the low pass�lter 2;� bm0 andthe dual

pass�lter 2;�
bem0 (seeTable I for the �lter coef�cients).

For M � 3, we start from an (M � 2) � (M � 2) squarematrix A so that

AA T = I (35)

and

the �rst row of A is 1p
M � 2

[1; : : : ; 1]. (36)

September19, 2003 DRAFT



ACCEPTEDBY IEEE TRANS. SIGNAL PROCESSING(2003) 16

De�ne

H (! ) =
1

M

2

6
6
6
6
6
6
4

2 � �
p

M � 2 0 1

�
p

M � 2 1 0 0

0 0
p

M I M � 3 0

� � 0 0 1

3

7
7
7
7
7
7
5

�

2

6
6
6
4

1 0 0

0 A 0

0 0 1

3

7
7
7
5

: (37)

and

eH (� ! ) =
1

M2

6
6
6
6
6
6
4

1
p

M � 2 0 �

�
p

M � 2 2 0 �
p

M � 2�

0 0
p

M I M � 3 0

� 1 �
p

M � 2 0 M � �

3

7
7
7
7
7
7
5

�

2

6
6
6
4

1 0 0

0 A 0

0 0 1

3

7
7
7
5

; (38)

where

� =
�

3
2

� �
�

�
�

1
2

� �
�

e� j ! :

Clearly, H hasthe form (31) andits �rst row is a0 + b0e� j ! . Similarly eH hasthe form (32) andits �rst

row is ea0 + eb0ej ! . By simply calculation,we may verify that the matricesH and eH in (37) and (38)

satisfy (30).

For M = 3, the only matrix A in (35) and (36) is the number 1. Thus the corresponding�lter

coef�cients for the bi-orthogonalwavelet �lter bankareasgiven in Table II.

For M = 4, thematrixA = 1p
2

2

4
1 1

1 � 1

3

5 satis�es(35)and(36).Thecorresponding�lter coef�cients

of the bi-orthogonalwavelet �lter bankareasgiven in Table III.

V. NUMERICAL EXPERIMENTS

In this section,we implement the high-resolutionimage reconstructionalgorithm (4) using the bi-

orthogonalwavelet �lters constructedin the previous sections.We usethe “Boat” and “Bridge” images

of size 260 � 260 shown in Fig. 3 as the original imagesin the numerical tests.We abbreviate the
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least-squaremethod(see[21]), the wavelet methodwith the dual �lter (17) (see[19]), and the wavelet

methodwith the dual �lter in TablesI, II, III by LSM, WAD, WAM respectively. The periodicboundary

condition [21] is usedfor all the methods.

In the �rst test,we usea 2 � 2 sensorarraywith no displacementerror, andwith displacementerror

� = � x
m 1 ;m 2

= � y
m 1 ;m 2 = 1

4 , m1; m2 2 f 0; 1g. Thosesensearraysproducefour low-resolutionimages

which arecorruptedby white Gaussiannoisewith differentsignal-to-noiseratio (SNR). Table IV gives

the PSNR resultsof the image obtainedby LSM, WAD and WAM, while Figs. 4 and 5 depict the

reconstructedhigh-resolutionimagesfor the “Boat” and“Bridge” imageswith noiseat SNR=30dB and

displacementerror � = 1
4 . From the above table and �gures we seethat the wavelet algorithm (WAM,

WAD) performsbetterthantheleastsquaremethod(LSM) does.We alsohave two interestedobservations

relatedto the displacementerror. From the Table IV, we seethat WAD works betterthan WAM in the

senseof PSNRwhen there is no displacementerror, and that WAM performsbetter than WAD when

the displacementerror is 1
4 . We think that it is becausewhen j� j � 1 �

p
3

2 , the correspondingscaling

function M ;� e� to the dual low pass�lter in Table I is not in L 2 and henceis too irregular. A careful

comparisonin the Figs. 4 and 5 revealsthat the reconstructedimagesFig. 4(d) and Fig. 5(d) with the

minimally supporteddual �lter in TableI have lessartifactsthanthat of Fig. 4(c) andFig. 5(c) with the

dual �lter in (17).

In the secondtest, a 3 � 3 sensorarray with no displacementerror and with displacementerror

� x
m 1 ;m 2

= � y
m 1 ;m 2 = 1

4 , m1; m2 2 f 0; 1; 2g, areconsidered.In this test,we usethe wavelet-basediterative

algorithm(4) with the wavelet �lter coef�cients in TableII for the high-resolutionimagereconstruction.

TableV gives the PSNRresultsfor the least-squaremethodandthe wavelet methodwith the dual �lter

in Table II, while Fig. 6 depictsthe reconstructedhigh-resolutionimagesfor the “Boat” and “Bridge”

imagesfor thecasewith displacementerror 1
4 . Similar to the�rst test,thewavelet-basedalgorithmshows

improvementover the leastsquaremethodin both imagequality andPSNR,andalso the imagequality

improvesasthe displacementerror changesfrom 0 to 1
4 . We believe that the imagequality improvement

comesalsofrom thechangeof the regularity of thedualscalingfunction M ;� e� asthedisplacementerror

changesfrom 0 to 1
4 .

In the third test,we have donesimilar testasthe �rst test.A 4 � 4 sensorarraywith no displacement

error and with displacementerror � x
m 1 ;m 2

= � y
m 1 ;m 2 = 1

4 , m1; m2 2 f 0; 1; 2; 3g, are considered.We use

the wavelet-basediterative algorithm (4) with the wavelet �lter coef�cients in Table III for the high-

resolutionimagereconstruction.TableVI gives the PSNRresultsof the imageobtainedby LSM, WAD

andWAM, while Fig. 7 depictsthe partial reconstructedhigh-resolutionimagesfor the “Bridge” images
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with noiseat SNR=30dB and displacementerror � = 1
4 . We can seethat our proposedwavelet-based

algorithmsgive betterdenoisingperformancethanLSM.

In the forth test,we let the 4 � 4 sensorarrayhave displacementerror

� x =

2

6
6
6
6
6
6
4

0:1548 0:0984 0:0242 0:0607

0:0843 0:2317 0:0535 0:1590

0:1952 0:1873 0:1892 0:1141

0:0054 0:1428 0:1491 0:2194

3

7
7
7
7
7
7
5

and

� y =

2

6
6
6
6
6
6
4

0:2043 0:0021 0:0074 0:0904

0:1759 0:1693 0:1266 0:0302

0:2351 0:1742 0:0829 0:1671

0:1953 0:0071 0:0075 0:0840

3

7
7
7
7
7
7
5

;

andusethe coef�cients of the bi-orthogonalwavelet �lter bankin TableIII. The low-resolution64� 64

framesfrom (0; 0)th sensorare shown in Figs. 8(a) and (b) for the “Boat” imageand “Bridge” image

respectively. Accordingly, the observed high-resolutionimageswith white GaussiannoiseSNR of 30 dB

are shown in Figs. 8(c) and (d), and the reconstructedhigh-resolutionimagesare shown in Figs. 8 (e)

and(f). Thevaluesof PSNRwith LSM andWAM for “Boat” imagearerespectively 24.96dB and27.37

dB while The valuesof PSNRwith LSM andWAM for “Bridge” imageare respectively 23.93dB and

24.03dB. Again, we canseethat the wavelet-basedalgorithmworks betterthanthe least-squaremethod

in the senseof PSNR.

VI. CONCLUSIONS

Thehigh-resolution�lter (M ; � )-HRF(1) is formulatedfrom themathematicalmodelfor high-resolution

image reconstruction([9]), whereM � 2 is the resolutionratio and � 2 (� 1
2 ; 1

2) is the displacement

error of the sensors.In this paper, we �rst observe that the high-resolution�lter (M ; � )-HRF is the

low pass�lter of a multiresolutionanalysis(Theorem1); Thenwe constructthe minimally supportedbi-

orthogonalwaveletsystem,whoseprimal low pass�lter is the (M ; � )-HRF, explicitly (Theorems2 and3,

and SectionIV); Finally we introducea wavelet-basediterative algorithm (4) and do somenumerical

experiments.From our numericalexperiments,the iterative algorithmcorrespondingto the bi-orthogonal

wavelet systemdesignedin this papershows improvementover the common-usedleastsquaremethod

(seefor instance[21]) in output imagequality andPSNR,andover the similar wavelet-basedalgorithm

with differentwavelet �lters ([19]) in lessartifacts.
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Figure Captions

Figure1. The plots of the scaling function M ;� � with � = 0 (left column) and � = 1
4 (right column)

correspondingto M ;� m0 with M = 2; 3; 4; 5 (from top to bottom).

Figure2. The plots of the dual scaling function M ;� e� with � = 0 (left column) and � = 1
4 (right column)

correspondingto M ;� em0 with M = 3; 4; 5 (from top to bottom).

Figure3. (a) The original “Boat” image;(b) The original “Bridge” image.

Figure4. Numericalresultfor “Boat” imagewith displacementerror 1
4 : (a) Observedhigh-resolution256� 256

image(with white noiseat SNR=30dBadded);(b) Reconstructed256� 256 imagefrom LSM; (c)

Reconstructed256� 256 imagefrom WAD; (d) Reconstructed256� 256 imagefrom WAM.

Figure5. Numericalresultfor “Bridge” imagewith displacementerror 1
4 : (a) Observed high-resolution256�

256 image(with white noiseat SNR=30dBadded);(b) Reconstructed256� 256 imagefrom LSM;

(c) Reconstructed256� 256 imagefrom WAD; (d) Reconstructed256� 256 imagefrom WAM.

Figure6. For thecasewith displacementerror 1
4 , theimages(from top to bottom)areobservedhigh-resolution

256� 256 images,reconstructedhigh-resolutionimagesfrom LSM, andreconstructedhigh-resolution

imagesfrom WAM, respectively. The left columnis for “Boat” image,while the right columnis for

“Bridge” image.

Figure7. Zoom of numericalresult for “Bridge” image with displacementerror � = 1
4 : (a) Original high-

resolution;(b) Reconstructedimage from LSM; (c) Reconstructedimage from WAD; (d) Recon-

structedimagefrom WAM.

Figure8. The images(from top to bottom) are the low-resolution64 � 64 imagesfrom the (0; 0)th sensor,

reconstructedhigh-resolutionimagesfrom LSM, and reconstructedhigh-resolutionimagesfrom

WAM, respectively. The left column is for “Boat” images,while the right column is for “Bridge”

images.



Table Captions

Table I The coef�cients of the bi-orthogonalwavelet �lter bank for M = 2 and � 2
�

1 �
p

3
2 ; 1

2

�
.

Table II Thecoef�cients of thebi-orthogonalwavelet �lter bankfor M = 3 and� 2 [0; 1
2), where� 1 = 1

6 � �
3

and � 2 = 1
2 � �

3 .

Table III Thecoef�cients of thebi-orthogonalwavelet �lter bankfor M = 4 and� 2 [0; 1
2), where� 3 = 1

8 � �
4 .

Table IV The PSNRresultsfor the 2 � 2 sensorarray.

TableV The PSNRresultsfor the 3 � 3 sensorarray.

TableVI The PSNRresultsfor the 4 � 4 sensorarray.
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� = 0 � = 1
4

Image SNR LSM WAD WAM LSM WAD WAM

20 29:15 32:04 31:55 28:32 31:28 31:12

Boat 30 30:02 32:68 32:13 29:09 31:85 32:65

40 30:40 32:93 32:36 29:42 32:05 32:85

20 27:98 28:60 28:05 28:19 28:11 29:10

Bridge 30 28:64 29:07 28:42 28:96 28:52 29:56

40 28:94 29:25 28:60 29:32 28:68 29:74

Table 4



� = 0 � = 1
4

Image SNR LSM WAM LSM WAM

20 26:38 28:32 25:75 29:18

Boat 30 26:61 28:47 26:00 29:32

40 26:69 28:52 26:09 29:37

20 25:47 25:52 25:51 26:18

Bridge 30 25:68 25:64 25:80 26:32

40 25:76 25:69 25:92 26:36

Table 5



� = 0 � = 1
4

Image SNR LSM WAD WAM LSM WAD WAM

20 25:01 27:40 27:19 24:91 27:28 27:38

Boat 30 25:12 27:53 27:32 25:05 27:40 27:49

40 25:16 27:57 27:36 25:10 27:44 27:54

20 24:04 24:51 24:20 24:21 24:39 24:57

Bridge 30 24:16 24:57 24:27 24:38 24:46 24:65

40 24:21 24:60 24:30 24:45 24:48 24:68

Table 6
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