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Abstra ct. Let T be a protoset of d-dimensional polyominoes. Whic h boxes (rectangular
parallelepip eds) can be tiled by T? A nice result of Klarner and Gebel asserts that the
answer to this question can always be given in a particularly simple form, namely, by giving
a nite list of \prime" boxes. All other boxes that can be tiled can be deduced from these
prime boxes. We give a new, simpler proof of this fundamental result. We also show that
there is no upper bound to the number of prime boxes, even when restricting attention to
singleton protosets. In the last section, we determine the set of prime rectangles for seweral
small polyominoes.

1. Intr oduction

A polyomino is a nite union of squaresof the in nite chesslward. A d-dimensional
polyomino is a nite union of cubesof an in nite d-dimensional \chessloard". It is tra-
ditional alsoto require that they be \ro okwise connected" (equivalertly, have connected
interior) but we do not require this, and it doesnot a ect our results in any way.

Let T be a protoset of d-dimensional polyominoes. We wish to know which regionscan
be tiled by the protoset. Here, T is the set of shapesthat may occur in the tiling. Any
shape in T may be used repeatedly, if desired, and there is no requiremert that every
shape is actually used.

We will focus our attention on the problem of tiling boxes (i.e. rectangular paral-
lelepipeds) here. Our interest is two-fold. Firstly, boxes are the simplest type of ( nite)
regions. Secondly there is some structure; from tilings of seweral boxes, others can be
deduced. The topic of tiling boxes by polyominoes has already received considerableat-
tention, for example([1, 2,5, 6,7, 8,9, 10, 11,12, 14, 15, 16, 18, 19, 22, 23, 24, 25, 26, 27,
29, 30, 31, 32]
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In the next section, we intro duce the abstract notion of a Klarner system, and prove a
niteness theorem for sud systems. We then interpret this in terms of tiling boxes with
polyominoes,to show that every protoset hasonly nitely many prime boxes. (This is the
result of Klarner and Gebel.) In section 4, we shav that there is no upper bound to the
number of primes, even if restricting attention to a narrow classof protosets. In the last
section, we determine the set of prime rectanglesfor seweral small polyominoes.

2. Klarner Systems

2.1. Denition. A (d-dimensional) Klarner systemis a subsetJ N9 with the property
that if both (aj;az;::: ;8 1;&;a@+1;:::;8q) and(az;az;:::;a 1;ai°;ai+1;::: ;aq) arein
J, then sois (ag;az;:::;a 1;a + a% a1 ;:::;aq).

2.2. Examples.

(1) J = N9,

(2) Let T be a collection of d-dimensional polyominoes, and take

J=1"f(ag;ap;:::;aq) J T tlesana; a aq box g:

Indeed, if T tiles two boxesthat have the samedimensionsin all but one coordinate, two
such tilings may be juxtap osedto give a tiling of a larger box.

(3) As (2) above, but with T a collection of translation-only polyominoes. This means
that the prototiles are ead givenin a xed orientation, and when one occursin the tiling,
it must be usedin the sameorientation.

Examples (2) and (3) are our main motivation.

2.3. Prop osition. (a) An increasingunion of Klarner systemsis also a Klarner system.
(b) Any non-empty intersection of Klarner systemsis also a Klarner system.

Pro of. Immediate.

2.4. De nition. Let S N9 be any set. The Klarner system generatedby S is the
smallestKlarner systemcontaining S, denotedby K (S). Equivalertly, it is the intersection
of all Klarner systemsthat cortain S. The Klarner systemN¢ certainly cortains S, sothis
intersection is non-empty.

2.5. De nition. If J NY is a Klarner system, then a prime of J is a d-tuple a =
(a1;a2;:::;a9) 2 J sudh that J nfag is alsoa Klarner system.

This de nition desenesa few words of explanation. If a 2 J is not prime, then J nfag
generates) asa Klarner system. This meansthat the d-tuple a = (ai;az;:::;aq) canbe
\decomposed" into two smaller elemens of J. In other words, for someindex i, there are
(ag;az;:::;a 1;8%a41;:::;aq9) and (ag;ag;::i;a 1;a% a4 ;100 ;aq) in J, with aP +
a%®= a;. A d-tuple a2 J is prime if it cannot be decomposedin this manner.

2.6. Prop osition. Let J be a Klarner system,and P its set of primes.
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(a) P generates] asa Klarner system.
(b) If S generatesJ, thenP  S.
Proof. (a) If K(P) 6 J, then choosea \smallest" d-tuple a 2 J nK(P). Then a 2

K(P) P, soit canbe decompmsedinto two smaller elemeris of J. By minimality of a,
thesetwo smaller elemens are in K (P), whencea is also, a cortradiction.

(b) Ifa2 PnS, thenK(S) K (Jna)=Jna, acortradiction.

2.7. Theorem. If J NYis aKlarner system,then its set of primesis nite.

Pro of. We note that it su ces to prove that J hasa nite generating set. This we prove
by induction on the dimension, d.

Supposethat d = 1. If J is empty, then its set of primes is also empty. Otherwise, let
m be the minimal elemen of J. For 1 i < m, let a be the smallest elemen of J that
is congruert to i mod m, if it exists. Then the nite setfm;a; j1 i < mg generatesJ.
This provesthe cased = 1.

Now supposethat the Theoremistrue in d 1 dimensions,that is, all (d 1)-dimensional
Klarner systemsare nitely generated. Let J N9 be a d-dimensional Klarner system.
For m 2 N, let

J(m) = (as;az:ii;ag 1) 2N Mj(aaniiiiag 1;m) 2]

We note the following properties of these J (m)'s.
(1) J(m) isa(d 1)-dimensional Klarner system.
2) J(m)\ J(n) J(m+ n).
(3) If m divides n, then J(m) J(n).

Properties (1) and (2) follow immediately from the de nition of Klarner system. Then
an easyinduction on k shows that J(m) J(km), whence(3).

We further claim that:
(4) There is a maximal J(m) (with respect to inclusion), and
(5) The sequenced J(m)g is evertually periodic in m.

S

Let J; = rlnzl J(m?!), which is an increasingunion, and thusis a (d 1)-dimensional
Klarner system. Therefore, by the induction hypothesis,J; is nitely generated. For any
m, we have J(m) J(m!) J, . If S J; isa nite generatingset,then S J(my)
for somemg, whenceJ; J(mgp). ThusJi: = J(my), which is therefore maximal. This
proves (4).

Let mg be asabove, sothat J(mg) is maximal. For any k, we have J(k) J(k + mg),
from (2). Consider the increasing chain J (k) J(k + mg) J(k + 2mg) for
1 k mg, andlet J;  beits union, which isa (d 1)-dimensional Klarner system.
As before,J;  is nitely generated,soit equalsJ(k + tmg) for su cien tly larget. This
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shows that the increasingchain stabilizes, and sincethere are only nitely many sud, the
sequence J(m)g is evertually periodic. This proves(5).

We have shown thereis M > 0 such that J(k mg) = J(k) for all k > M. Let S(k) be
a nite setof generatorsof the (d 1)-dimensional Klarner systemJ(k), and let

T(k) = f(ar;az; a0 1K) j(ausaz;iii;ag 1) 2 S(k)g:

Let T = Sﬁ"zl T (k), which isa nite set. To nish the induction step, we will show that T
generates]. Suppose(as;ay;:::;aq)2J. Ifag M, then(ag;az;:::;aq 1) 2 K(S(ay)),
so(ag;ap;:i:ii;aq) 2 K(T(ag)) K(T). If ag > M, then write ag4 = k + tmg, where
M mg<k M,andt> 0. Then (aj;az;:::;aq4 1) 2 J(k+ tmg) = J(k), becausek >
M mg. Therefore, (a1;az;::: ;a9 1;Kk) 2 K(T(k)) K(T). Also, (a1;az;:::;a9 1) 2
J(ag) J(mg), so(ag;as;:::;aq 1;mMg) 2 K(T(mp)) K (T). Finally, becauseboth
(ar;a0;:::;a9 1;K)and (ag;az;::: ;a9 1;mg) arein K(T), wealsohave(a;;ay;:::;aq) 2
K (T). This completesthe induction step, and the proof of the Theorem.

3. Prime Boxes of Pr otosets

In this section, we interpret the results of the previous sectionin terms of tiling boxes
with polyominoes, and make the connectionto Klarner and Gebel's result.
Let T be a protoset of d-dimensional polyominoes, and let

J="F(ag;ag;:::;aq9) ] T tlesana; ap aq box g:

As we have seenabove, J is a d-dimensional Klarner system.

3.1. Denition. A prime box of the protoset T isana; ap aq box that can be
tiled by T, and for which the corresponding d-tuple, (a;;az;::: ;aq), is a prime of J.

In many cases,indeed, all casesconsideredin this paper, the prototiles in T may be
rotated and re ected. In such a case,the correspnding Klarner system, and therefore
alsoits set of primes, is invariant under permutation of coordinates. We will considertwo
boxesto be the \same" prime if they have the samedimensionsup to permutation.

3.2. Denition. A box is a strong prime of the protoset T if it can be tiled by T, but
cannot be tiled by smaller boxes, eat of which can be tiled by T.

3.3. Denition. If P is a polyomino, we say that a box is a [strong] prime of P if it isa
[strong] prime of the singleton protoset fPg.

3.4. Remark. Our notion of \strong primality" corresponds to Klarner and Gebel's
notion of \primalit y". The reader should be alerted to this di erence in terminology.

A simple reformulation of De nition 3.1 gives

3.5. De nition. A box is a prime of the protoset T if it can be tiled by T, but cannot
be split into two smaller boxes, both of which can be tiled by T.
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From this, it becomesclear that \strong primalit y" is indeed a stronger condition than
\primalit y". Finally, rephrasing Theorem 2.7 above, we have

3.6. Theorem. Any protoset of d-dimensional polyominoes has a nite set of prime
boxes.

Klarner and Gebel [22] prove that every protoset has a nite set of strong primes.
Unfortunately, their proof appearsto have a gapin d 3 dimensions. This is repaired
by Klarner in his unpublished note [20]. Since every strongly prime box of a protoset T
is a prime of T, Theorem 3.6 extends the result of Klarner and Gebel. In fact, Klarner
mertions at the end of his note [20] that an alteration of his argumert can obtain this
stronger result. Our approad simpli es the proof and simultaneously obtains the stronger
statemert.

Dierence between primes and strong primes.

As remarked above, every strongly prime box is a prime box. It is natural to ask if,
for any protoset, it has prime boxesthat are not strongly prime. Indeed, there are suc
protosets for which this phenomenonoccurs, even in fairly simple cases. In 3 (or more)
dimensions,it can happen even for a singleton protoset. This notion has beenconsidered
briey by Klarner [21]. In particular, he gives Singmaster's example (3.7) and states
Proposition 3.10 (without proof).

3.7. Example. (Singmaster)Let P beal 3 4box. ThenP tilesa5 5 12box, (we
leave the construction to the reader) but cannot do so with a plane of cleavage (a plane
that \decomposes"the box into two smaller boxes, but without intersecting the interior
of any tile). Thusthe5 5 12box is a prime of P, but not a strong prime. SinceP is
itself a box, its only strong prime isitself. The5 5 12 box is the only other prime.

There are also casesin 2 dimensionsof prime rectanglesthat are not strongly prime.

3.8. Example. Let T =f[_J;[C:19. ThenT tilesa5 5 square,but cannot do
sowith aline of cleavage. (In fact, the tiling is just a cross-sectionof the tiling of Example
3.7.) The 5 5 squareis a prime of T, but not a strong prime. The only strong primes of
T arethe 1l 3and1 4rectangles;the 5 5 squareis the only other prime.

3.9. Question. Is there a singleton protoset in 2 dimensions (in other words, a 2-
dimensional polyomino) which has a prime rectangle that is not strongly prime?

Here we do not know the answer; for every polyomino we have examined, all known
primes are strongly prime. Howewer, Klarner has shavn that no rectangular polyomino
has a prime rectangle that is not strongly prime. For completenesswe sketch the proof.

3.10. Prop osition. (Klarner) If P is a rectangular a b polyomino, then it has only
itself as a prime rectangle.

Pro of. If a rectangle can be tiled by a b rectangles, then it can be tiled by a 1
rectangles,soone side must be a multiple of a. Similarly, one side (perhapsthe sameside)
must be a multiple of b. Also, by consideringhow the a brectanglest along a side, we
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seethat ead side length hasthe form ax + by for somex;y 0. Thus, if a rectangle can
betiled by a brectangles,we have either

(1) onesideis a multiple of a and the other a multiple of b, or

(2) onesideis a multiple of both a and b, and the other hasthe form ax + by for some
positive integersx and y.

It is not necessaryto allow x = 0 or y = 0 in case(2), sincethe resulting rectangles
also occur in case(l). In case(l), the rectangle can be divided into a b rectangles,all
oriented in the samedirection. This division haslines of cleavageexceptin the trivial case,
when the rectangleis itself ana b rectangle, which is the only prime in case(1). In case
(2), the rectangle can then be cut into two rectanglesof type (1). This shows that these
rectanglescanindeed betiled by ana brectangle,and alsothat they are not prime.

See[3] for a nice generalization of this result.

4. Unboundedness of number of primes

In this section, we considerprotosetsthat are invariant under rotations and re ections.
As described in the previous section, two prime boxes are consideredto be the \same" if
they have the samedimensionsup to permutation. We will shav that there is no upper
bound to the number of primes in 2 (and therefore higher) dimensions. While this is quite
easyto do for general protosets, we will also prove it in the restricted caseof singleton
protosets.

4.1. Prop osition. For any n > 0, there is a protoset with exactly n prime rectangles.

Pro of. TakeT to bethe collection of rectangular polyominoesof dimensions2k 22" 2
for 0 k< n. It isimmediate that the set of strong primes is exactly the set of rectangles
in T. In fact, there are no other prime rectanglesfor T. If T tiles ana brectangle,then
its area must be a multiple of 22" 2. Let 2 and 2 be the largest powers of 2 dividing

a and b, respectively. There is no loss of generality to assumethat f n 1,
then both a and b are multiples of 2" 1, sothe rectangle can be tiled by the 2" 1 2" 1
square,whichisin T. If <n 1,then > (2n 2) ,soaisamultiple of2 andbis

amultiple of 2" 2 whencethe rectanglecanbetiled by the 2 22" 2  rectangle,
which isin T.

The number of prime rectanglesfor a protoset is unbounded, even whenwe only consider
singleton protosets. We prove this by extending a result of Walkup [31, Thm. 1].

4.2. Theorem. Let P denotethe (8n 4)-omino \ . Then P hasexactly n
primes, speci cally, the rectangles4(n+ k) (8n 4),for 0 k< n.

Note that, in the casen = 1, the polyomino becomeghe T -tetromino, and the Theorem
is exactly Walkup's result [31, Thm. 1]. We prove Theorem 4.2 in se\eral steps. (In the
following, our illustrations will usethe casen = 3.)

4.3. Prop osition. If P tiles arectangle,then both sidesare multiples of 4.



KLARNER SYSTEMS AND TILING BOXES WITH POLYOMINOES 7

Pro of. In the casen = 1, the statemen reducesto Walkup's result [31, Thm. 1]. Sowe
now supposethat n > 1. Considerthe ways that P can t alongthe edgeof a rectangle:

C ]

E - oS F o m|

Figure 4.4. Four ways that P can t alongthe edgeof a rectangle.

In the rst case,the indicated square cannot be lled. In the secondand third cases,
there is only oneway to |l the marked square:

C TL [

[ ’—‘ [

Figure 4.5. Only way to Il the marked squarein secondand third casesof 4.4.

In the fourth case,there are eight ways to Il the marked square:

17T 4 N _l__l— N
i
]
: : S
] ] k ] J
5 || I
" E X 1 {

Figure 4.6. Eight waysto Il the marked squarein the fourth caseof 4.4.
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Of theseeight casesthe rst two canindeed occur along an edgeof a rectangle. In the

next v e casesthe marked squarecannot be lled. Finally, in the last case,there is only
oneway to Il the marked square,and this createsa hole that cannot be lled.

"

x]

Figure 4.7. The eighth caseof Figure 4.6 forcesa hole.

Thus this casecannot occur. This shows that the tiles along the edge of the boundary
must occur in pairs

17 4 ]

N

Figure 4.8. Tiles along the edgemust occur in pairs.

ead of which covers a multiple of 4 squaresalong the edge (the secondcasecovers 4n
squares). It follows that ead edgeof a rectangletiled by P is a multiple of 4.

4.9. Prop osition. If P tiles arectangle,then onesideis a multiple of 8n 4.

Pro of. In the casen = 1, the statemert is the sameas the previous proposition, so we
assumethat n > 1. First note that P itself can betiled by 2n 1 T-tetrominoes.

’—‘ e l_l

Figure 4.10. Decomposition of P into T-tetrominoes.

Therefore, from a tiling of a rectangle by P, we deducea tiling of the rectangle by T-
tetromino es. Position the rectangle in the coordinate plane with edgesparallel to the axes
and sothat one(and henceall) of its cornershasboth coordinates even. De ne a block to
bea?2 2 square,ead of whosecornershasboth coordinates even. Walkup [31, Thm. 2]
shows that every T -tetromino in the rectangular tiling covers 3 squaresfrom oneblock and
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1 squarefrom an adjacert block. Therefore, in the tiling of the rectangle by P, ead tile
must be aligned to the blocks asin Figure 4.11 (perhapsrotated and/or re ected).

Figure 4.11. Alignment of P to blocks.

This shaws that every \notc h" (indicated by "N') must be lled with the \to e" (indicated
by "T") ofadierent copy of P. Now we candeformead P by removing its \to e" and lling
in its \notc h", to obtain atiling of the rectangleby 2 (4n 2) rectangles. Consequetly,
one of the edgesof the rectangle must be a multiple of 4n 2. Sinceit is also a multiple
of 4, this sideis a multiple of 8n 4.

4.12. Prop osition. If P tiles a rectangle, then ead sideis at least 4n in length.

Pro of. Sinceead side must be a multiple of 4, it suces to show that P cannot tile a
rectanglewith aside 4n 4. If it tiles a rectangle with height 4n 4, then it can
only accommalate tiles in the horizontal orientation. Now consider how the upper left
corner can be lled.

B = o

Figure 4.13. Two waysto Il the upper left corner of a rectangle.

In the rst case,the marked squarecannot be lled. In the secondcase,the marked cell
cannot be lled by a horizontally oriented tile, a contradiction. Thus the rectangle cannot
be tiled.

4.14. Prop osition. P tilesa4(n+ k) (8n 4)rectanglefor 0 k< n.
Pro of. In fact, it tiles sudh a rectangle for any k 0. Figure 4.15 shows half of a
symmetric 4n  (8n  4) rectangle. (This tiling was given by Golomb in [12, Fig. 5].)

u

. L
.
|
-
[ i

Figure 4.15. Half ofa4(n+ k) (8n 4) rectangle.
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Half of a symmetric 4(n+ k) (8n 4) rectangleis obtained by appending k copiesof the
2-tile shape shavn with dashedlines.

Pro of of Theorem 4.2. We have shownn that ead of theserectangles,4(n+ k) (8n 4),
for0 k< n, canindeedbetiled by P. First wewill shav that theseare prime rectangles.
If ana brectangle can betiled by P, then one side, say b, is a multiple of 8n 4, and
thus at least8n 4. Sinceboth sidesare at least 4n, the smallest rectangle than can be
tiled by P is4n  (8n 4). Now we seethat a4(n+ k) (8n 4)isprime (for0 k< n)
for the simple reasonthat it is too small to contain even two rectanglesthat can be tiled
by P. This alsoshows that theserectanglesare strongly prime.

Next we showv that any a b rectangle that can be tiled by P, can be dissectedinto
4in + k) (8n 4) rectanglesfor 0 k < n. As above, one side of the rectangle, say
b, is a multiple of 8n 4. Thusthe a b rectangle can be dissectedinto a (8n 4)
rectangles. Moreover, Propositions 4.3 and 4.12 show that a is a multiple of 4anda 4n,
sowe may write a = 4(nt + k), where0 k< n,andt 1. Now we can dissectthe
a (8n 4)rectangleintot 1rectanglesofdimensionsdn (8n 4), and asinglerectangle
of dimensions4(n + k) (8n 4).

5. Primes of some small pol yominoes

In this section, we determine the prime rectanglesof seweral small polyominoes. For
ead protoset (which will always be a singleton in this section), there are two tasks. The
rst is to show that ead alleged prime box can indeed be tiled by the protoset. This is
usually done by exhibiting a tiling, although it may be conceiable to prove the existence
of a tiling without explicitly giving it. For reasonsof space,we will do even less here,
namely, will we simply assertthat the rectanglescan be tiled. (All tilings are available
from the author on request.) For a given rectangle, it is always a nite computation to
nd atiling (or shav that one doesnot exist).

The secondtask is to show that certain other boxes cannot be tiled by the protoset.
This task accomplishestwo things; it shaws that there are no further primes, and it shows
that ead purported prime is indeedprime, becausen any splitting into two smaller boxes,
one of the smaller boxes can't be tiled. It is possiblefor a tiling of a box to be known,
without knowing if the box is prime. In fact, this has happenedhistorically, asin Example
5.1 below, wherethe 9 15rectanglewasoncebelievedto be prime. Also, in Examples5.2
and 5.13 below, sometilings were found by non-exhaustive methods, and were considered
to be \p ossibleprimes”. For a given box, it is a nite computation to shawv that it can't
betiled (or to nd atiling). Howewer, there may be instanceswhereit is required to shav
that anin nite collection of boxescannot betiled. In somecasesthis canbe accomplished
by a nite computation, but in other cases,t may require a more theoretical result.

Finally, after the set of primes has been determined, one wants to know which of the
primes are strongly prime. This is always a nite computation, becauseit amournts to
determining which primes can be tiled by the remaining prime boxes. Howeer, this is
rather unsatisfactory, and we'd like to seea better method.

The examplesbelow give a good illustration of the variety of methods involved.
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5.1. Example. Let Ls be the pentomino . Ls tiles a2 5 rectangle (easy)
and a7 15rectangle. See[l13, Fig. 164][25, Fig. 11] [26, Fig. 9] for constructions of the
latter. Thesetwo rectanglesare its only primes. In particular, the 9 15rectangle of [18,
22]is not prime; it can be constructedas(2+ 7) 15,the 2 15 componert itself being
constructedas2 (5+ 5+ 5).

To shaw that L5 hasno further primes, onecan verify that it doesnot tile any rectangle
of width 3 and cannot tile any 5 (2n + 1) rectangle. Theseare proven in slightly more
generality in [26, Lemmas3.1and 3.2]. It alsofollows from thesethat the 7 15rectangle
is indeed prime. Now, using the fact that 2 5and 7 15 are the only primes, it follows
that 7 15is strongly prime for the simple reasonthat it cannotbetiled by 2 5 rectangles.

5.2. Example. Let Ys be the pentomino , which has already been considered
by numerousauthors. Ys has 40 prime rectangles,which are

5 10,

9 20,9 30,9 459 55,

10 14,10 16,10 2310 27,

11 20,11 30,11 3511 45,

12 50,12 5512 60,12 6512 70,12 7512 80;12 8512 90;12 95,

13 20,13 30,13 3513 45,

14 15,

15 1515 16,15 17,15 1915 21,15 2215 23,
17 206,17 25,

18 2518 35,and

22 25.

Klarner [17, Fig. 2] originally gave the 5 10 rectangle. Klarner and Gebel [22] list
10 16,15 16,15 22and 22 25 and se\eral other potential primes, which turn out
not to be prime. Constructions of these rectanglesare showvn in [2]. Klarner [19] later
gives9 20,9 30,10 1411 20,11 30,13 20,13 30and 14 15 (without tilings).
Haselgrore [15] givesthe 15 15square;shealsoshovsthat 9 25and 13 15 cannot be
tiled by Ys. Chvatal, Klarner and Knuth [4, Problem 7] givethe 12 80 rectangle (without
its tiling). Bitner [1] givestilings of 12 (50+ 5k), which are prime for k = 0;1;2;:::;9.
He alsoshows that 12 5n cannot be tiled by Ys, for n < 10. Scherer [29] givestilings of
the9 20,9 30,10 14,11 20and 14 15rectangles(these had beenlisted earlier by
Klarner [19]) and se\eral other rectanglesthat turn out not to be prime.

To show that theserectanglesare all prime, and to show that the list of primesis com-
plete, we must demonstrate that certain other rectanglescannot be tiled by Ys. Although
we will not work through the computations, we will describe what is involved. We must
show that Ys cannottile any rectangleof width 6;7 or 8. That it doesnot tile a rectangle of
width 7 is easy;it cannot eventile the rst row. Widths 6 and 8 are slightly more di cult;
in both cases,Ys tiles an in nite half strip of that width. Howewer, a calculation based
upon [26, Prop. 2.1] shows that it cannot tile any rectangle of width 6 or 8. It alsofollows
from thesecalculationsthat Ys cannottile any rectangle of width 1;2; 3 or 4, although that
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is easyto show directly. We must alsoshow that Ys cannot tile any rectangle of dimensions
5 k, wherek is not a multiple of 10. This type of calculation also proceedsas described
in [26, Prop. 2.1]. Lastly, we must show that seweral individual rectanglescannot be tiled
by Ys. Theseare9 259 3510 1810 2211 1511 2512 2512 30,12
3512 40,12 4513 1513 25and 15 18. Each of theseis a straightforward but
tedious nite computation. It follows from the impossibility of tiling theserectangles(and
also the existenceof sometilings) that certain others cannot be tiled by Ys, speci cally,
9 10,9 1510 11,10 1210 1310 17,12 15and12 20. (For example,if 9 10
could be tiled, then socould 10 18, soit not necessaryto ched that the former can't be
tiled. Similarly, if 10 17 could be tiled, then socould 10 22,sincel0 5 can betiled.)
We will show that these prime rectanglesare all strongly prime. We do not have a
particularly nice way to do this; perhapssomereaderwill nd a more systematic method.

5.3. Prop osition. Supposea rectangleis decompsedinto (n > 1) smaller rectangles,in
sudh a way that doesnot have a line of cleavage. Assumefor corveniencethat the rectangle
is oriented with its sidesparallel to the coordinate axes. Then there is a vertical line that
intersectsthe interior of at least 3 rectanglesin the decomgosition. In particular, the height
of the rectangleis the sum of (at least) 3 heights of rectanglesin the decomposition.

Pro of. Inside the large rectangle, draw all horizontal edgesbetween rectangles of the
decompsition. If there is a horizontal gap betweentheseinternal edges,asin Figure 5.4,
then there is a rectangle that spansthe height of the big rectangle.

gap

Figure 5.4. Horizontal gap betweenhorizontal edges.

One of its vertical edgesis a line of cleavage of the decomposition. This cortradiction
shows that there cannot be any horizontal gaps.

Several possibilities remain. If there is only one horizontal edge,then it must span the
width of the rectangle, and thus is a line of cleavage, a cortradiction. Thus there are at
least two horizontal edges.If there is onethat overhangsanother, asin Figure 5.5, then a
vertical line that intersectsboth alsointersects(at least) 3 rectanglesof the decomposition.

Figure 5.5. Vertical line intersects (at least) 3 rectangles.
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Finally, if no horizontal edge overhangsany other, then the rightmost endpoint of one
horizontal edgemust lie directly above or below the leftmost endpoint of another horizontal
edge,asin Figure 5.6.

Figure 5.6. Vertical line is a line of cleavage.

But then the vertical line through these endpoints is a line of cleavage, sinceit does not
intersect any other horizontal edges.This provesthe proposition.

Sincethe smallestedgeof a rectanglethat canbetiled by Ys is 5, Proposition 5.3 shows
that any prime rectanglethat is not strongly prime, must have smallestdimensionat least
15. Moreover, if the width of such a rectangle is 15, its decomposition into primes must
have three 5 10 rectanglessituated asin Figure 5.7. But in that case,the tiling can be
rearrangedto give a tiling with a line of cleavage.

5 10 5 10
A 5 10 B A B 5 10
5 10 5 10

Figure 5.7. Rearrangemen of a tiling of width 15 rectangle.

This shows that the rectangle is not prime, a contradiction.

Neither 17 nor 18 can be written asa sum of three (or more) sidesof primes. Therefore,
the 17 20,17 2518 25and 18 35rectanglesare all strongly prime.

The only way to express22 as a sum of three (or more) sides of primesis 5+ 5+
12. Howewer, even the shortest prime of width 12 (12 50) is too long to occur in a
decomposition of 22  25. Therefore this prime is also strongly prime.

5.8. Example. Let Gg bethe hexomino . The primes of Gg are
9 129 20,9 28,
12 1312 14,12 17,12 1912 2112 2412 2512 29,
15 28,15 3215 36,15 40,15 44,15 4815 52,
16 1816 27,16 30,16 33,16 3916 42,
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20 2land 20 24.

The 9 12rectanglewasoriginally given by Klarner [17, Fig. 3]. We leave to the reader
the task of nding tilings of theserectangles. To prove that the list is complete, we rst
needa theoretical result.

5.9. Theorem. If Gg tiles a rectangle, then one side of the rectangle is a multiple of 4.
Pro of. See[28, Thm. 5.4].

To nish the proof of completenesspnemust alsoshow that Gg cannottile any rectangle
of width 6;7;8;10 or 11, and that it cannot tile rectanglesof sizes9 16,12 1212
20,15 16,15 20;15 24;16 2land 16 24. Theseare alsoleft to the reader. All of
the primes are strongly prime; this follows easily from Proposition 5.3.

5.10. Example. Let Dg be the hexomino . The primes of Dg are 4 6 and
5 12. To shaw that this list is complete, we needtwo theoretical results.

5.11. Prop osition. If D¢ tiles a rectangle, then one side is a multiple of 6.

Pro of. If arectanglecanbetiled by Dg, then its areamust be a multiple of 6. Therefore,
it su ces to considerrectangleswith dimensions(6m+ 3) (6n+ 2)and (6m+ 3) (6n+ 4).
Let ¢; denote the unit squarewith lower left corner at the point (i; j), wherei;j 2 Z.
Number the squaresof the in nite grid by

8
< 1 if 3dividesi andi+ | isewen,
ci 7', 1 if 3dividesi andi+ j is odd,
" 0 otherwise (i.e. 3 doesnot divide i).

It is easyto show that every possibleplacemern of a Dg tile coversa total of 0. However,
(6ém+ 3) (6n+ 2) and (6m + 3) (6n + 4) rectanglescan be placed so they cover a
non-zerototal, which shows that they cannot be tiled by Ds.

A moredicult result is the following, which is stated without proof in [28, Thm. 7.1].
5.12. Theorem. If Dg tiles a rectangle,then one side is a multiple of 4.

Pro of. We use the boundary word method, in particular, a represenation proof, as
described in [28]. It suces to shaw that Dg cannot tile any rectangle with dimensions
(12m + 6) (12n + 6). Considerthe permutations

X = (1;5;28; 23, 26; 16; 11; 15; 14; 24; 2; 12)(3; 19)(4; 32)
(6;31;18;21;7;20)(8; 9; 13; 27; 22, 10)(17; 29; 25; 30);

y = (1;5;13,27;17, 29; 18; 21, 28, 23; 3; 19)(2; 12; 22; 10)
(4;11;15;7; 20; 25; 30; 8; 9; 14; 24; 32)(6; 31; 26; 16)

of S3,. One easily chedks that the boundary word of ead possible orientation of Dg is
the identity elemen of S3o, that is x%yx lyx 2y Ix ly 1= yix ly Ix ly 2xy Ix =
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x 4y Ixy x%yxy =y “xyxy?x lyx ! = 1. However, the boundary word of a (12m +
6) (12n+ 6) rectangleis non-trivial, i.e. x12M*6y12n+6 x (12m+6) y, (12n+6) g 1 (For this
latter assertion, it is useful to note that x'? = y*2 = 1))

Toshowv that 4 6and5 12arethe only primes, it remainsto shav that Dg cannot
tile any rectangle of width 2;3 or 7. This is easy asit cannot even tile the rst row of
such a rectangle. Moreover, it is now easyto shav that both primes are strong primes.

5.13. Example. Let Lg be the hexomino . The primesof Lg are2 6;7
12,8 159 14,9 16,9 34,10 15,and1l1 18.

The 9 14 rectanglewasgivenin [25, Fig. 13] and [26, Fig. 11]. The 2 6;7 12and
9 16 rectangleswere givenin [9], along with somelarger rectanglesthat are not prime.

To verify completenesof this list, one must shaw that L g cannot tile rectangle of width
3 or 5, cannot tile any rectangle of the form 4 (6n+ 3),6 (2n+ 1)or7 (12n+ 6),
and cannot tile rectanglesof sizes9 18,9 20and 9 22. The eight prime rectangles
are all strongly prime, but we leave the details to the reader.
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