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Abstract In this paper, we study a variation of the classical Turan extremal
problem. A simple graph G of order n is said to have property Py if it cortains a
clique of sizek + 1 asits subgraph. An n-term nonincreasingnonnegative integer
sequence = (di;dp; ;dn)is said to be graphic if it is the degreesequenceof
a simple graph G of order n and such graph G is referred to a realization of
A graphic sequence is said to be potentially Py-graphic if it has a realization
G having property Py. Erdes, Jacobsonand Lehel[1] raised the following prob-
lem: determine the smallestpositive even number (k;n) such that every n-term
graphic sequence = (di;dy; ;dn) without zeroterms and with degreesum
()=di+dy+ + d, at least (k;n) is potertially Py-graphic. They gave
a lower bound of (k;n) by the example o= ((n 1)k L(k 1) ¥1) ie.,
(k;n) (k 1)2n k) + 2, and conjecturedthat the lower bound is the exact
value of (k;n). They alsoproved the conjectureis true fork = 2andn 6. In
this paper, we prove that the conjecture is true for k  5andn  (¥)+3. We
once proved the conjecture is true?® for k = 3andn 8 and for k = 4 and
n 10, sothe conjecture has beenproved positive.

Key words: graph graphic sequence o -diagonal leftmost matrix poten-
tially Py-graphic sequence

An n-term nonincreasingnonnegatiwe integer sequence = (dy;dy; ;d,) is said
to be graphic if it is the degreesequenceof a simple graph G of order n and sud
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graph is referredto a realization of . A graph G is said to have property Py if it

has a complete subgraphK.; of order k + 1[1]. A graph sequence is potertially

(res. forcibly) Px-graphicif it has a realization G having property Py (res.all of its
realizations have property Py). The degreesequencds one of the basic subjects in

the graphtheory. Asto its progresspleasereferto the summarizedessgs S.R.Rao[2]
and Li Jiong-Sheng[3].

It is well-known that the classicalTuran extremal problem is to determine the
smallestpositive integerex(k; n) sud that eah graph G of order n with edgenumber
"(G) ex(k;n) cortains a completesubgraphof order k + 1. The number ex(k; n) is
calledthe Turan number. The classicalTuran theoremdeterminesthe Turan number
([4],Ch6). As Bollobas pointed out in the prefaceof the masterpiecédExtremal Graph
Theory" :\Extremal graph theory, in its strictest sense,s a branch of graph theory
deweloped and loved by Hungarians. Its study, as a subject in its own right, was
initiated by Turan in 1940, although a special caseof his theorem and se\eral other
extremal results had beenproved many yearsearlier. The main exponert has been
Paul Erdeswho, through his many papersand lectures,aswell asuncourtably many
problems,hasvirtually createdthe subject.” It senesto show that the Turan theorem
is one of the basictheoremsin extremal graph theory and that the extremal theory
of graphsis carried out around it and alsoto shov Erdes' historical position in the
extremal graph theory.

In the view of the theory of graphic sequencesthe Turan number ex(k; n)is the
smallestpositive integer sud that eat graphic sequence = (d;;d;; ;d,)with de-
greesum ( )=d;+dy+ +d, 2ex(k;n) isforcibly Px-graphic. Erdes,Jacobson
and Lehel[1]consideredh variation of the classicalTuran extremal problem: determine
the smallestpositive evennumber (k; n) sud that ead n-term graphicsequence =
(dy;dy; 5 dyn) without zeroterms and with degreesum () (k; n) is potertially
P«-graphic. They shaved that the graphic sequenceddy = ((n 1) 1;(k  1)" k*1)
is not potertially P.-graphic, where(n 1) ! meansn 1 repeatsk 1 timesin

. So (k;n)  (k 1)(2n k) + 2. In [1], they also pointed out: \W e feel that
these are the extremal examples,that is, any degreesequencegivening more edges
than Dy is potertially Px-graphical.” In other words, [1] raisedthe following conjec-
ture(abbrev. EJLC): (k;n) = (k 1)(2n Kk)+ 2. Asto the k and n suc that EJLC



holds, [1] didn't say any words. In the conclusionof the paper ) of Gould, Jacobson
and Lehel, they posedclearly the conjecture: \Conjecture: For n su ciently large,

(k;n) = (k  1)@2n k) + 2." This shaws that we only needto prove the EJLC
is positive for any givenk 2 and n which is large enough. Erdes, Jacobsonand
Lehel[1]also proved the following

Theorem A. Letn 6and = (dy;dy; ;d,)be a graphic sequencewhere
d d; d, 1. 1f () 2n,then s potentially P,-graphic. In other
words, (2;n)=2nforn 6.

Recerly, J.S.Li and Z.X.Song” proved the following result.

Theorem 0.1. (k;2k+ 1) = 4k?> 2k.

J.S.Li and Z.X.Song® and Gould, Jacobsonand Lehel proved the following re-
sult independerily.

Theorem 0.2. (3;n)=4n 4forn 8.
J.S.Li and Z.X.Song) also proved
Theorem 0.3. Forn 10, (4;n)=6n 10.

The above resultsshow that the EJLC istrue for2 k 4andn 2k+ 2. The
purposeof this paper is to prove the EJLC istrue fork 5andn (¥)+3.
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2) Li Jiong-Sheng,SongZi-Xia. An extremal problem on the potentially Py-graphical sequence.
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W.Y.C.Chen et.al. ed,Nankai University, Tianjin, 1996,266-276.
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1 Preparation

We needthe following terms and notations. Let = (d;;d,; ;d,) be an integer
sequencavithn 1 d; do d, 0. The setofall sudh sequencess denoted
by NS,. Foragiven = (di;dy; ;dy)2 NS,,let i( )=di+d,+ + d; for eah
1 i nand ()= (). Inaddition, letf( )= maxfi:d ;1 1 ng.
( ) andf ( ) arecalledthe degreesum and trace of , respectively. Let's de ne an
n nmatrix A( ) = (g ) asfollows:
Forl i f(), 8
<1 if1 j6i d+1;
0; otherwise;

aj =
andforf( )+1 i n,

8

< 1; if 1 j di;

aj = . .

- 0; otherwise:
Then the matrix A( ) is calledthe o -diagonal leftmost matrix of . Clearly, the row
sumvector of A( ) is . The column sum vector of A( ) is calledthe correctedcon-
jugate vector of , and denotedby —. Obviously, ( ) = (7). The setof all n-term
graphic sequenceare denotedby GS,. The following is a creteriafor a nonincreasing
sequenceébeing graphic.

Theorem B. (Berge[5]) Let = (di;dy;  ;d,)2 NS, with even (). Then
2 GS, ifandonly if foreaht= 1,2, ;n; () ¢+(7), or in equivalert words,
if andonly if foreaht = 1,2, ;f( ), () t(M).

Lgt = (di;d2; ;dn)2 NS,. Denote
oo S (i L jde: Lider L jdgen Lidgezr  sd)s 0 de K
(di 1, ;dg  Lidg+1; 0k 150ks;  50h); if de k L
Then Cis the residual sequencebtained by laying o d, from

Theorem C.(Kleitman and D.L.Wang[6]) Let 2 NS,. Then 2 GS, if and
only if 92 GS, ;.

Let G be a simple graph with vertex set V(G) = fvy;v,;  ;vag andlet =



(dy;dy;  ;dy) bethe degreesequenceof G, whered; is the degreeof v; and is not
necessarilynonincreasing.Then G is saidto have property Ay if its subgraphinduced
by vi;Vvo; ;w1 IScomplete,i.e., if its rst k+ 1 verticesform a clique of sizek + 1.
A degreesequence is said to be potertially Ax-graphic if there exists a graph G
having property Ay realizes . A.R.Rao[7]proved the following

Theorem D. Let be the degreesequenceof graph G. Then s potertially
P« graphicif and only if is potentially Ay graphic.

Let = (d;;d; ;dn)beasequencef nonnegatie integers. For any givens and
t,0 s k+l1land0 t n k 1,denote

= P
L(s;t)= - di + - (o T

1
R(s;t)= (s+ t)(s+t 1)+ ® minfs+ t;di k+ sg+ P minfs+ t; d;g.

i=s+l j=k+2+ t

A.R.Rao¥ also gave a creteria for a sequence being potertially A, graphic as
follows.

Theorem E. Let = (d;;d;; ;d,)be a sequenceof nonnegatie integersin
which d;  d, dk+1 and dg+o Ok+3 d,. Then s potertially
A-graphicif and only if the following conditions hold:

(1) desr  k;

(2) () isewen,

(3) foranysandt,0 s k+1,0 t n k 1,

L(s;t) R(s;t). (2)

But we have to point out with regret that TheoremE has newer being published
though it is mertioned in A.R.Rao[7]. We have carefully looked through his original
proof and make surethat his proof is right. Recerly we were informed that Kezdy
and Lehel® have given a proof of the TheoremE.

In order to prove the main results of this paper, we will usedouble induction on

4 Rao A R. An Erdes-Gallaitype result on the clique number of a realization of a degreesequence,
unpublished.
S)Kezdy A, Lehel J. Degreesequence®f graphs with prescribed clique size, to appear.



k and n, Kleitman and Wang'slaying o technique, TheoremsD and E. We will also
usethe following simple fact repeatedly: Let °= (d%;d3; ;d° ,) be the residual
sequenceobtained by laying o d; from . If Cis potertially Ay i-graphic and the
rst k terms di; ;d? of Care obtained by subtracting one from the k terms of

respectively, then is potentially P¢-graphic. In addition, we needthe following facts.

Theorem 1.1. Let = (dy;dy; ;d,)2 GS, with de+;  k and
n 2 d d = dk+1 = = dg,+2 d» k L
If n = 2k + 2 and d, k, or n 2k + 3 and d, k 1, then is potentially
Py-graphic.

Proof. By Theorem E, we only needto verify that (1) holds for any s and t,
0O s k+1andO0 t n Kk 1. Weconsidertwo casesasfollows.

Casel: d¢ s+t 1. Supposen 2k + 2 andd, k 1. If s Kk, then
s+t s kandd k+s (& k)+s s kforl i k + 1. Hence
minfs+t;di k+sg kforl i k+1.In addition, s+t > dy d, k 1,
henceminfs+ t;dg d k 1fork j n. Therefore

R(s;t) (s+t)(s+t 1)+ (k+1 sk+(n k 1 t)(k 1)

=(k Dn 2)+(s+t+1 k)(s+t 1)+ (2k )
(k D(n 2)+(s k+1)(s+t 1+t(s+t 1)
(k Ddi+ (s k+ 1)dg + tde L(s;t).
If O S k 1thend, k+ s (dk k) + s s for 1 i k+ 1 and
s+ t> dg d, k 1 s. Hence
R(s;t) (s+t)(s+t 1)+ (k+1 s)s+(n k 1 t)s
=s(n D+t(s+t 1)
> sdy + tdy  L(s;t).
So(1) holdsfordy, s+t 1lifn 2k+2andd, k 1.

Case2: d¢ s+ t. In this case,di = disq = = dg+2 S+t Letn 2k+ 2
andd, k 1.I1fd¢ t+Kkthend, k+s (dc k)+s s+tforl i k+1.
Hence

el dp2
R(s;t) (s+t)(s+t 1)+ minfs+ t;d; k+ sg+ minfs+ t; dig
i=s+l j=k+2+ t

= (s+t)(s+t 1+ (k+1 s)(s+t)+(dy+2 k 1 t)(s+1t)

= (s+t)(dy+ 1) sdp+tde L(s;t).
fs+t d¢ t+k 1,then0 s k 1l1anddy k+ s< s+ t. Moreover
d¢« k+s d k+sforl i k+ 1, sominfs+td k+sg d¢ k+s

6



for 1 i k+ 1. Denotedy = t+ m,where0 s m k 1. Thens+t=
d¢ (m s) k m+s. Ifd, k,thend, k (m s). Hence
R(s;t) (s+t)(s+t 1)+ (k+1 s)(d¢ k+s)y+(n k 1 t)(k m+ys)
=s(n 2)+tdg+(k m)(n 2k 2)+s(k+1 m) (2)
s(n 2)+tdy sdy+tdg L(s;t).
So(2) holdsforn 2k+ 2andd, k.

Combining Casesl and 2, we have proved that (1) holdsfor n 2k + 2 and
d, k.

Now supposen 2k+ 3andd, = k 1. Thend; n 3sincedy«; = dks2
k>k 1= d,. Inthe proof of Case2,ifs+t<d¢, t+k 1then0 s k 1
andthemindi=t+ msatises0 s<m k 1.Sod,=k 1 k (m 9
still holds. Hence,(2) holdsfors+t<d¢ t+k 1lifn 2k+3andd,=k 1.
fs+t=d¢ t+k 1then0O s k 1l1land

R(s;t) (s+t)(s+t 1)+ (d¢ k+s)k+1 s)y+(n k 1 t)(k 1)
(s+t)(s+t 1D+ (s+t k+s)k+1 s)+(n k 1 t)(k 1)
s(n 3)+t(s+t)+(n 2k 3)k 1 s)+sk s)+(s+t 2)
sdy + tdx  L(s;t).

Hence,(1)holdsfordy, s+ tifn 2k+ 3andd, k 1. 2

Theorem 1.2. Letn 2k+ 2and = (dy;dy; ;dy)2 GS, wheredi+1 K,
n 3 d di = dis1 = = dy42 = = dp > dp+1 dn, (3)
1 d k landd;+d, n 2 Denote °=(d, 1; ;ds 1;dsss 2 ;0
2,0d0+1 1, ;dy 1 1), wheres Kk+ 1,then Yis graphic.

Proof. Denote °= (d%;d3; ;d® ,). Clearlyn 4 d; 1 d dd
d? .. In orderto prove °is graphic, we only needto verify by TheoremB that

(9 (9 (4)

foreaht,1 t f( 9.

First, f ( ) = d¢ becausedy = = dg, = =d, k.Sof(9 f() 1=
dy 1 by the de nition of °

Next, from (3), the o -diagonal leftmost matrix A( ) of hasthe following form:



2 1 2 k 1 k k+1 de 1 dg dye + 1 dg + 2 n 3 n 2 n 1 n 3
1 0 1 1 1 1 1 1 0
2 1 0 1 1 1 1 1 1 0 0
k 1 11 0 1 1 1 1 1
k 1 1 1 0 1 1 1 1 0
dy 1 1 1 1 1 1 0 1 1 0
dy 11 1 1 1 1 0 1 0
de + 1 1 1 1 1 1 1 1 0 0
dy + 2 1 1 1 1 1 1 1 0 0
p 1 1 1 1 1 1 1 0
p+ 1 1 1 1 1 1 0
n 1 1 1 1 1
n 11 0

While the o -diagonal leftmost matrix A( 9 of ©is obtained from A( ) by delet-
ing the rst and n-th rowsand columnsand deletingthe p s onesof the di-th column
from the p-th row to (s+ 1)-throwif s d¢+ 1whileif k+ 1 s dg,deleting
p d¢ onesof the di-th column from the p-th row to (d¢ + 1)-th row, and then
deleting d¢ s onesof the (d¢ + 1)-th column from the dg-th row to (s + 1)-th
row. Hencegl p 2 d; for 1 i dc 2and df ; de 2. So

(9 tdy ((9forl t d¢ 2. Noticethatdl ; dg 1=d¢ 1.
Hence, 4, 1( 9= 4 209+ dg 1 (d 2)di+ (de 2) g 1( 9. This shaws
that (4) holds. 2

2 Main Results

We needfollowing lemmas.

Lemma 2.1. Ifk 5 = (di;dy; ;dus2) 2 GSuuz, and () 4k? 4k,
thends1 kanddy 2.



Proof. If dex; Kk 1 then we obtain from the o -diagonal leftmost matrix A( )
of thatd, 2k+1forl i k Zlanddc k 1. Henceby TheoremB,

4k> 4k () k() + (dess + + O2)
k(D) + (ders + + doks2)
k () + A+ (derr + + dasz)
(k DEk+1)+(k 1+ (k Dk+2
=(k 1E@k+4)=3k>+k 4

a cortradiction, thusdc+; k.
If dox = dok+1 = dx+2 = 1, then from the o -diagonal leftmost matrix A( ) of

weknow d; = 2k+ 1andd; 2k 2for2 i 2k+ 2. By TheoremB,
4k* 4k () = 2k 1( )+ dox + doxsr + a2
x 1(7) + 3
2k+ 1+ (2k 2)(2k 2)+ 3
= 4k?> 6k+ 8
i.e.,k 4, acortradiction. 2
Remark: In the similar way, we canprovethat dc.;  kif = (dy;dy;  ;dy)2

GS,and () (k 1)(2n k) +2.

Lemma 2.2. Let 2 GSy., without zerotermsand () 4k?> 4k. If k=5,
or (k 1;2k) 4k? 1%+ 8and (k 1;2k+ 1) 4k? 10k+ 2fork 6,then
is potentially Py- graphic.

Proof. By Lemma2.1,d; dys1 k. Denote °= (dy 1; ;dg+1 1;dg+2;  ;Coksn).
Then by TheoremC, Cisgraphicand ( 9= () 2d; 4k®> 4k 2(2k+1)=
4k? 8k 2.BylLemma2.1,dy 2,i.e., hasat mosttwoones.So ®hasat mosttwo
zeros. The sequencebtained by deletingthe zeroterms of Cis denotedby % Then
(%= (9 42 8k 2and ™2 GSy., GSy GSu .. Ifk=5 (9 58
and ™2 GS,> GSy°- GSy. By Theorem 0.1, (4:9) = 56. By Theorem 0.3,
(4;10) = 50 and (4;11) = 56, therefore, ( % maxf (4;9); (4;10); (4;11)g.
If k 6,by Theorem0.1, (k 1;2k 1)= 4k? 10k + 6. By the assumption,we
have (% maxf( (k 1,2k 1); (k 1;2k); (k 1;2k+ 1)g. Therefore %is po-
tentially Ay i-graphic. Hence,if °haszeroterms,then is potertially P.-graphic.
Suppose %hasno zeroterms. If d; = 2k + 1 or there existst, k+ 1 t dy+ 1,



sud that d; > di+1, then the rst k largestterms of © are obtained by subtracting
onefrom k terms of , respectively, therefore is potertially Py-graphic. Hencewe
may assume
2k dy dc  dkv1 = = dgy+1 = dgye2 Qo+ -
If dy > dk+1,the sequenc@btainedby laying o dg,+1 = | from isdenotedby °%° By
TheoremC, %% GSy.1. Moreover %hasno zerotermsand ( %% 4k?> 8k 2.
By the assumption, ( %9 (k 1,2k + 1). So %Y%s potertially Ay ;-graphic,
therefore is potertially Px-graphic. Hencewe may assume
2k dy dq = Oks1 = = dd1+2 Aoz -
If doxsz k, then by Theorem 1.1, is potentially Py-graphic. Hence, assume
1 dx+2 Kk 1. Sincedj+» = diszs k>k 1  dysp,wehaved;+2 2k+ 1,
ie.,d; 2k 1.1fd; 2k 4, then
4k? 4K () (@k+1)@2k 4)+ (k 1)=4k®> 5k 5,
a cortradiction. Therefore2k 3 d; 2k 1. We considertwo casesas follows.
Casel: d; + dys2  2k. Denote
2k 1 dy O = dygs1 = = dy,+1
= dyy+2 = = dp > dpss dok+2 ;
whered; + 2 p 2k + 1 anddenote
O=(d2 L ;ds Ldsa 2 dy 2 L sdae 1),
whered; + dy+p = 2k+p s. Since2k+p s=di+dxysr 2k 1+k 1=3k 2,
we haves p+2 k d+4 k 2k 3+4 k=k+ 1. By Theorem1l.2,
Ojs graphic. Noticethat d, 2= dca 2 k 2> 0. In addition, by Lemma
2.1, doy 2. Therefore © hasat most a zero. If © has exact a zero term, then
Ook+1 = Ook+o = 1. Sinced; + dysp = di+ 1 2k, wehaved; 2k 1, therefore
d, =2k 1. Hence %= (d, 1;ds 1; ;dx  1;dos1;0oxsz) 2 GSps1, has
no zerotermsand ( %= () 22 1) 4k® 8k+ 2. If k = 5, then by
Theorem0.3, (4;11)=56<58=4 5 8 5 2 (%, so %is potentially
A4-graphic. Therefore, is poterntially Ps-graphic. If k 6, then by the assumption,
(k 1,2k+ 1) 4k? 10k+2<4k? 8 2 (9, therefore %is potertially
A 1-graphic, so is potertially P, -graphic. If °hasno zeroterms, then ( 9 =
() 2(dy+ das2) 4k%2 4k 2(3k 2)= 4k®> 10k + 4. If k = 5, by Theorem
0.3, (4,10)= 50< 54 = 4k? 1+ 4 (9. If k 6, by the assumption,
(k 1;2k) 4k? 1%+ 8< 4k? 1Ck+ 4 ( 9. Therefore °is potertially
A 1-graphic. Notice that Cis obtained by twice deleting term operations from
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oneisto lay o d; from and the other is to subtract one respectively, from the
(2k+ 1 dx+2)-th term to the term beforethe last of the residual sequencend then
deletethe last term. Thus is potentially Py-graphic.
Case2: d;+ dyx 2k 1. In this case,l dx+2 2 because2k 3+ dyso
d; + doysp 2k 1. If dysr = 2, thend; = 2k 3. Therefore 4k? 4k
() (2k+ 1)(2k 3)+ 2= 4k?> 4k 1, acortradiction. Hencedy., = 1. So
2k 3 d; 2k 2.1fd;=2k 3,then4k® 4k () (@Ek+1DEk 3I+1=
4k? 4k 2, a cortradiction. Henced; = 2k 2 and dg,+2 = dx = disr. If
dess 2k 4, then 4k? 4k () (k D2k 2)+ (k+2)(2k 4+ 1=
4k? 4k 5, a cortradiction. Hence2k 3  dis; 2k 2. If dieg = 2k 2,
then = ((2k 2)%;dys1;1Y). Because 2 GSyuz,0dxs1 is odd. Therefore
Ook+1 2k 3. Hencethe residual sequenceobtained by laying o d; = 2k 2
from is %= ((2k 2)%(2k 3)%* 2:dyu.q; 1Y), and then the residual sequenceob-
tained by laying 0 dyso = 1from %is 0= ((2k  3)* :dy.1). By TheoremC,
002 GSy andhasno zeroterms. In addition, ( %Y= () 2(2k 1) 4k?> 8k 2,
by the assumption, ( % 4k? 8k 2 4k® 1%+ 8 (k  1;2k). Hence
O%s potertially Ay ;-graphic, therefore is potertially P-graphic. If disq = 2k 3,
then = ((2k 2)%;dy;  ;de 132k 3K dysq;1Y). f dyss 2k 4, thenin a
similar way to the proof of Theorem 1.2, we canprove that %= (d, 1; ;dg 1
1;(2k  4)%*1:dy4q) is graphic. Since ( %= () 22k 1) (k 1;2k), ©°
is potentially Ay :-graphic. Therefore is potertially Pyg-graphic. If dx+1 = 2k 3,
then = (2k 2)2;(2k 3)** 2:1Y) where2 21 k 1because 2 GSyus.
Denote ;= ((k 2)%;(k 3T Yand ,=((k 1) %k 2)k 2*1;(k 3)L;0Y.
Clearly (1) = (2) = k¥ 2k 3+ 2 and the conjugate sequenceof ; is
1= ((k+ 1) 32N 0%. It is easyto verify that , majorizes ,. Therefore
the sequencepair ( 1; ») is bipartite graphic(Fulkerson[8],or Brualdi and Ryser[3,
Theorem6.2.7,p178]). Obviously ((2k 2)?;(2k 3)*1 2) ;= (kk*1) isthe degree
sequencef the completegraph K 4, oforderk+ 1. Denote 3= ((2k 3)%;11) ,=
(k% (k1)1 2k 2)? 2;1Y). By the o-diagonal leftmost matrix A( 3) of 3,
we obtained 3 = (k%;(k  1)% % (k 2)%h(k+2 2D)%1Y, so ( 3) {(T3) for
t=1,2, ;k+ 1. By TheoremB, jisgraphic. Thus is potertially Py-graphic. 2

Theorem 2.3. (5;12) 80and (5;n) 8n 18forn 13.
Proof. By LemmaZ2.2, (5;12) 4 5% 4 5= 80.
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Wearegoingto useinduction onn  13to provethat, if = (di;dy; ;dy)2 GS,
hasno zerotermsand () 8n 18,then is potentially Py-graphic. If d, 3,
then by TheoremC, %= (d; 1, ;dyg, Ldg+1; ;dn 1) 2 GS, 1 without
zerotermsand ( 9= () 2d, 8n 18 2 3. Clearly, if n = 13 then

(9 80 (5;12). If n > 13, then (9 8n 1) 18 (5;n 1.
Therefore both ° and  are potertially Ps-graphic. If d, 4, then by Theo-
remC, %= (d; 1, ;dg+1 Ldgs2; ;dy) 2 GS, 1 without zeroterms and

(9 () 2d; 8 18 2(n 1) =6n 16 = 6(n 1) 10. By
Theorem 0.3, (4;n 1)=6(n 1) 10forn 1 13, therefore °is poten-
tially A4-graphic. If d; = n 1, or there existst, 6 t d; + 1, sud that
di > di+1, then is potertially Ps-graphic. Hencewe may assumen 2 d;

ds de = = dg,+2 dn 4. If ds > dg, then by Theorem
C, the residual sequence ®°= (d; 1; ;d L dyu1; ;dg;dg+2; ;dy) ob-
tained by laying o dg+1 = | from belongsto GS, ;, has no zero terms and

(%9= () 2d3, 6(n 1) 10= (4;n 1),wheren 1 13,therefore %is
potertially A4-graphic. Hence is potertially Ps-graphic. Sowe may further assume
n 2 d ds = dg = = dg,+2 d, 4. By the remark of Lemma
2.1,ds 5. By Theorem1.1, is potertially Ps-graphic. 2

Theorem 2.4. Fork 5
< . H
(k) 2n(k 2)+ 8 | ff 2k+f n. (%) + 3 )
(k D@2n kK+2 ifn (5+3
Proof. We useinduction onk 5. If k = 5, then 2k + 2= 12, (¥)+3 = 13 and
2 12 (5 2)+8=80
2 13 b 2)+8=8=(5 1) (2 13 5+ 2.
Hence,(1) holds for k =35 by Theorem2.3. Suppose(1) holdsfork 1 5, i.e.,
<2nk 3)+8 if 2k n (5H+3 )
(k 2)2n k+D+2 if n (H+3
Now we prove (1) holdsfor k > 5 by induction onn 2k + 2. If n = 2k + 2,then by
(2), (k 1;2k) 4k? 1X%+8and (k 1;2k+1) 4k? 10k+ 2. By Lemma2.2,
if = (d;dy;  ;das2) 2 GSxso, hasno zerotermsand () 4k? 4k = 2(2k +
2)(k 2)+ 8,then ispotertially P¢-graphic,i.e., (k;2k+2) 2(2k+ 2)(k 2)+ 8,
therefore (1)holds for n = 2k + 2.
Suppose(1) holdsforn 1 2k+ 2,i.e.

(k  1;n)

12



8
<2(n 1)k 2)+8; if 2k+2 n 1 (¥+3

(kin 1) . 3)
(k D@2n k 2+2 ifn 1 (¥+3
Now we will prove (1) holds for n 2k + 3. We only needto prove that if =
(di;d;  ;dn)2 GS, without zeroterms and
< 2nk 2)+8; if 2k+2<n 5+ 3
() k 2) ) @

k 1D@n kK+2 if n )+ 3
then is potentially Py-graphic.We considertwo casesas follows.

Casel: d, k 2Denote °= (d; 1, ;dy, 1;dg,+1; ;dn 1).Then by
TheoremC, °2 GS, i,hasnozerotermsand ( 9= () 2d, () 2k 2).
If 2k+ 2< n (§)+3,then ( 9 () 2k 2) 2(n 1)k 2)+ 8.By(3),we
obtain (9 (k;n 1). Ifn  (§)+3,then

(9 () 2k 2 (k 1)@2n k) +2 2k 2
=(k 12N 1) k+2+2
By 3), (9 (k;n 1), therefore °is potertially P,-graphic. Hence is poten-
tially Py-graphic.

Case2:d, k 1.Denote °=(d, 1, ;dg+1 Ldg+2; ;dn). By Theorem
C, 92 GS, 1, hasnozerotermsand ( 9= () 2d;. If 2k+2< n (5)+3, then
by the assumption(4), ( 9 2nkk 2)+8 2(n 1)= 2n(k 3)+ 10. Notice that
5)+2 =(%, H+ k+ 1, therefore2k+2< n  (5)+3 implies2k+2 n 1 (5 YH+k+1.
If2k+2 n 1 (5H+3,then by (2)

(9 2n(k 3)+10=2(n 1)k 3)+ 2K+ 2)
>2(n 1)}k 3)+8 (k L,n 1)
IFH+3 n 1 (5 H+k+ 1,thenby (2)
(9 2nk 3)+10=@2n 1) (k DYk 2)+2+2((5H+k+1 (n 1)
(k Ln 1)
If n (¥)+3,then by the assumption(4)

(9 () 2d, (k D@n kK+2 2n 1D=(k 2)2n 1) (k 1)+2.
Becausen 1 (§)+2 =(*,Y)+k+1 (,H)+3, wehae (9 (kK 1,n 1) by
(2). Hence Yis potentially Py, ;-graphic.

If d,=n 1,orthereexistst,k+1 t d;+ 1,sud that d > diq, then is
potertially Pyx-graphic. Hencewe may assume

n 2 d dq ks = = dg;+2 d, k 1
If d¢ > dysr, then ©=(d; 1, ;d 1;d41;  ;dg;dase2;  ;dn) 2 GS, 1, Where
| = dg,+1, and °Chasno zeroterms. In a similar way as above argumen, we may

13



prove ( % (k 1L,n 1), ie., 9is potertially P, i-graphic. Therefore is
potertially Px-graphic. Sowe may further assume

n 2 d1 dk = dk+1 = = dd1+2 dn k 1,
wheren 2k + 3. By the remark of Lemma2.1,dc+; k. It follows from Theorem
1.1that is potentially Py-graphic. 2

The following is our main result.

Theorem 25. If k 5,then (k;n)=(2n k)(k 1)+ 2forn (¥)+3.
Proof. This is an immediate consequencef Theorem 2.4 and the lower bound of
(k;n). 2

Corollary 2.6. (k;2k+ 2)= 4k® 4k fork 5.

Proof. By Theorem2.4, (k;2k+ 2) 4k? 4k fork 5. Now considerthe
sequence = ((2k 3)**1:1Y). Clearly, ( )isewnandf( )= 2k 3. It is easy
to obtain — = ((2k + 1)*; (2k)%* 4;(2k 3)%: 0% from its o -diagonal leftmost matrix

A( ). Hence, i( ) i(T)forl 1 2k 3.By TheoremB, 2 GSyu».
Assumethat G is oneof the realizationsof and the subgraphinducedby the ver-
tex subsetU = fu;; ;uk+1 g of G is complete. Then the edgenumber of G from U

toV(G)nU isr = (k+ 1)(k 3). Thereforethe edgenumber of the induced subgraph
GIV(G)nUlof Gis ( )=2 r k(k+ 1)=2 =(X)+2. Becausedx:» = 1, the edge
number of G[V (G)nU] is at most (§)+1, a cortradiction. Hence, is not potertially
Pc-graphic,therefore (k;2k+2)  ( )+2= 4k? 4k. Thus (k;2k+2)= 4k? 4k.2

Remark: By Theorem0.3, (4;10)=6 10 10=50> 48=4 4*> 4 4,
so Corollary 2.6 doesnot hold for k 4.

3 Conclusion

For any given integer number k 2, denote by N (k) the smallest positive integer
number m sud that for any integernumbern m, (k;n)=(k 1)(2n Kk)+ 2.1t
follows by TheoremsA, 0.1,0.2and 0.3,that N(2) = 6, N(3) = 8and N (4) = 10. By
Theorem 2.5 and Corollary 2.6, N (k) existsfork 5and2k+ 3 N(k) (%) + 3.
In particular, if k=5,13=2 5+ 3 N(5) (3)+ 3= 13SoN(5)= 13. Asto

14



the problem on how to determinethe exact value of N (k) for k 6, it needsfurther
study.
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