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Abstract

The Hadwiger number h(G) of a graph G is the maximum integer ¢ such that K; is a
minor of G. Since x(G)-a(G) > |G|, Hadwiger’s Conjecture implies that A(G)-a(G) >
|G|, where a(G) and |G| denote the independence number and the number of vertices
of G, respectively. Motivated by this fact, it is shown that (2a(G) —2) - h(G) > |G| for
every graph G with «(G) > 3. This improves a theorem of Duchet and Meyniel and a
recent improvement due to Plummer, Toft and the first author.
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1 Introduction

All graphs considered in this paper are finite and simple. Hadwiger’s conjecture [8] from 1943
suggests a far reaching generalization of the Four Color Theorem [1, 2, 14], and is considered
by many as one of the deepest open problems in graph theory. Hadwiger’s Conjecture states
the following.

Conjecture 1.1 For all k > 1, every k-chromatic graph contains the complete graph Ky as
a Mminor.

Hadwiger’s conjecture is trivially true for £ < 3, and reasonably easy for £ = 4, as shown
by Dirac [6]. However, for k > 5, Hadwiger’s conjecture implies the Four Color Theorem.
(To see that, let H be a planar graph, and let G be obtained from H by adding k —4 vertices,
each joined to every other vertex of the graph. Then G has no Kj; minor, and hence is
k-colorable by Hadwiger’s conjecture, and hence H is 4-colorable.) Wagner [16] proved that
the case £ = 5 of Hadwiger’s conjecture is, in fact, equivalent to the Four Color Theorem,
and the same was shown for k = 6 by Robertson, Seymour and Thomas [15]. Hadwiger’s
conjecture remains open for k > 7.

For a graph G, the Hadwiger number h(G) of G is the maximum integer k such that
K}, is a minor of G. Let x(G) denote the chromatic number of G. Hadwiger’s Conjecture
states that x(G) < h(G) for every graph G. In a x(G)-coloring of G each color-class has
size at most «(G), the size of a maximum independent set of G. Hence x(G) - a(G) > |G|.
Hadwiger’s Conjecture implies the following.

Conjecture 1.2 h(G) - a(G) > |G| for every graph G.

This conjecture seems weaker than Hadwiger’s Conjecture, however for o(G) = 2 the two

conjectures are equivalent [12]. Conjecture 1.2 was explicitly stated and put into context by
Woodall [17]. In 1982, Duchet and Meyniel [7] proved the following result.

Theorem 1.3 h(G) - (2a(G) — 1) > |G| for every graph G.

No improvement of Theorem 1.3 has been obtained in general, although Maffray and
Meyniel [11] proved interesting results. Reed and Seymour [13] extended Theorem 1.3 to the
fractional version of Hadwiger’s conjecture by proving that the fractional chromatic number
of a graph is at most twice its Hadwiger number. Recently, Plummer, Toft and the first
author [10] proved the following.

Theorem 1.4 h(G) - (4a(G) — 3) > 2|G| for every graph G with o(G) > 3.

For a(G) = 2, Theorem 1.3 states that h(G) > |G|/3, and it seems quite hard to improve
the constant 1/3. Seymour and Mader independently asked if it is possible to obtain a larger
constant than 1/3 for this case. As far as we know no such improvement has been achieved
so far.

The purpose of our paper is to improve Theorem 1.4 further. We first prove the following
Theorem 1.5, which improves Theorem 1.3 and Theorem 1.4 for the case a(G) = 3.
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Theorem 1.5 h(G) > |G|/4 for every graph G with o(G) = 3.

We then use Theorem 1.5 to prove the following general result.

Theorem 1.6 h(G) - (2a(G) — 2) > |G| for every graph G with o(G) > 3.

When a(G) = 4, Theorem 1.6 gives h(G) > |G|/6. It seems difficult to improve 1/6 since
if G consists of two disjoint copies of graphs each with independence number two, then it is
not hard to see that h(G) > |G|/6. To improve the constant 1/6, one needs to improve the
constant 1/3 in Theorem 1.3 for the case a(G) = 2, which as mentioned earlier, seems to be

difficult.

We need to introduce more notation. For a graph G we use |G| to denote the number of
vertices of G. For a vertex x of a graph G, the neighborhood of x in G is denoted by Ng(x) or
simply N(z), and dg(x) = |Ng(x)| is the degree of = in G. We define N|z] = N(z)U{z}. For
a subset S of V(G), the subgraph induced by S is denoted by G[S] and G—S = G[V(G)—S].
For a subgraph H of G, G— H = G[V(G) -V (H)]. If ,y are adjacent vertices of a graph G,
then we denote by G /xy the graph obtained from G by contracting the edge xy and deleting
all resulting parallel edges. We write H =< G or G = H if a graph isomorphic to H can be
obtained from a subgraph of G by contracting edges. In those circumstances we say that G
has an H minor. A graph G is called claw-free if G does not contain K; 3 as an induced
subgraph. For graph-theoretic terminology not explained in this paper, we refer the reader
to [5].

2 Proof of Theorem 1.5

The proof is by induction on n = |G|. The result is trivially true for n < 8. Suppose there
exists a graph G with a(G) = 3 and n > 9 such that h(G) < n/4. Then K,/ A G.

Since a(G) = 3 and G does not have a complete subgraph of size 7, G' contains at least
one induced 2-edge path. Let P, P, ..., P, be pairwise disjoint induced 2-edge paths in G
with ¢ maximum. By the choice of ¢, each component of G — UZ:1 Py is complete.

(1) t<7.

Proof. Since a(G) = 3, there is an edge between each pair of P, P;, (i # j). Thus by
contracting each P, (1 < k < t) into a single vertex, we see that K; < G. Thus t < 1, as
desired. O

Since a(G) = 3, G — J;_, Px has at most three components. Let V(G — ,_, Px) =
AU BUC (where A, B,C could be empty) such that G[A], G[B], G[C] are components
of G — UZ=1 P.. Let V(Py) = {xk, Yk, 26}, where 1 < k < t, and zpyk, ypzr € E(G)
but z,2, ¢ E(G). Since each of G[A], G[B], G[C] is complete and G % Kj, 4, we have
|Al,|B],|C| < %. By (1), we may assume that



(2) A, B 0.

We may further assume that |A| is maximum among |A|, |B| and |C|. Then |A| > 2%
and so

(3) t+ A > 3.
Since a(G) = 3, we have:

(4) If there exists a vertex a € AU BU C and Py such that azg, ayg, az, ¢ E(G) (in this
case, we say that Py is bad for the component containing a), then for any b € AU BUC
such that ab ¢ E(G), bxy € E(G) or bz, € E(G).

Let t; (resp. t) be the number of paths of Pi, P, ..., P, that are bad for A (resp. B).
By (4) we may assume that P, P, ..., P, are bad for A and P, 11,..., P11, are bad for
B. By (4) again, every vertex of B U C' is adjacent to at least one vertex of each path P,
P, ..., P, every vertex of AUC is adjacent to at least one vertex of each path P, 11, ...,
P, 441,, and every vertex of AU B is is adjacent to at least one vertex of each path P, 14,41,
ey Pt. Let tgzt—tl—tg.

(5) t;1 > 0.

Proof. Suppose t; = 0. Then each vertex of A is adjacent to at least one vertex of P,
where 1 <7 < t. By contracting each F; into a single vertex, we see that K; |4 = G. Thus
t+|A| < %, contrary to (3). O

(6) C #0.
Proof. By (2), A, B # . Suppose C' = (). Since G' % K47, we see that to4t34|A] < 2 and
t1+|B| < §. Summing up these two inequalities, we obtain that ¢, +t5 +t3+|A|+|B| < 5.
Note that ¢ = t; + ¢y + t3 and 3(t1 + t2 + t3) + |A| + |B] = n. It follows that 2¢t =
n — (ty +ty +t3 + |A| + |B|) > 5, contrary to (1). O
By (2) and (6), A, B,C # 0. Since G % K|, 17, we see that
tg 4+ 1o + ‘A’ <
t1 + t3 + |B| <

to+t 4+ |C| <

S S S

Adding up the above three inequalities, we obtain 2(t; + to + t3) + |A| + |B| + |C] < 2. It
follows that ¢ = ¢ + ¢y +t3 = n — (2(t1 + t2 + t3) + [A| + |B| + |C|) > 4, contrary to (1).
This completes the proof of Theorem 1.5. [J



3 Proof of Theorem 1.6

We shall prove that any graph G with a(G) > 3 has a K|/ (2a(c)—2)] minor. We need the
following result of Kawarabayashi et al. [10].

Theorem 3.1 Any graph G with o(G) > 2 has a K[(|G|+w(G))/(2a(G)~1)] MinoT.

The proof of Theorem 1.6 is by induction on «(G). By Theorem 1.5, we may assume
that a(G) > 4. Throughout this section we assume that G is a graph with n = |G| and
a=a(G) >4 but G ¥ Kpyj@a—2)))- Thus n > 4o — 4, otherwise G = K[y, /(2a-2)], & contra-
diction.

(1) G is connected.

Proof. Suppose G is disconnected. Let G; and Gy be two subgraphs of G such that
GiUGy =G and V(G1) NV (Gs) = 0. Let o; := «(G;) and n; := |G| for i = 1,2. Then
n=n;+ny and @ = a; + as. If @y =1 or ap = 1, say the former, then n; < 5= because

G % Kppja—2y- Thus ny > ”(22;__23) and so 525 > (2;_(3;)‘(;5)_4) > 5. Since ap > 3 and
ay < a, by induction G = Gy = Kp,/2a0—-2)] = K[nj(20—2)], a contradiction. Thus a; > 2

and ag > 2.

If a; > 3 and ap > 3, then by induction G; = K, /2a,—2)) for i = 1,2. Since G %
K[n/(ga_g)], we have

n; < n
20 —2 20— 2’

for s = 1,2. It follows that n; < % and thus n =ny; +ny < "(22;‘__24), which is impossible.
It remains to prove the case when a; = 2 or ap = 2. By symmetry, we may assume
that oy = 2. Then as = o — 2. If ay = 2, then @ = 4 and so ny,ny < n/2 (because

Gi = Kip,/31 by Theorem 1.3), contrary to the fact that ny + ny = n. Thus as > 3. Since
n(20.—5)
200—2

a1 = 2, by Theorem 1.3, we may assume that n; < 2;”12. Then ny >

G2 i K[nQ/(QOQ_Q)]. Since G i K[n/(2a—2)]7 we have

. By induction

n ny n(2a —5)
20—2 7 205 -2 (2a—2)(2a — 6)

which is a contradiction. This completes the proof of (1). O

(2) G is claw-free.

Proof. Suppose G contains a claw, say C. We shall build a set 7' C V(G) starting from
the claw C' by the method of Duchet and Meyniel. The obtained 7" satisfies:

i) V(C) ST CV(G);
i) |7] < 20— 2;

iii) G[T] is connected and a(G[T]) > 3;



iv) T is dominating in G, i.e., every vertex in G — T' has a neighbor in 7'

Let us sketch how to build 7. The set T is built up stepwise from V' (C'), in each step, adding
two new adjacent vertices (if such two vertices exist), one from the neighborhood of T and
one from the non-neighborhood of T'. Since a(C') = 3 and the independence number of G[T]
is increased by one in each step, the desired T' is obtained after at most o — 3 steps. Clearly
every vertex in G — T has a neighbor in 7', and T" has at most 2a — 2 vertices. Note that
G — T may be disconnected.

From the above construction of T', we see that |G—T| > n—2a+2. Suppose o(G—T) > 3.
Then by induction, G —T' = Kf(n—20+2)/(2a—2)] and 50 G' = K[y/(2a—2)] by contracting T" into
a single vertex, a contradiction. Thus a(G'—T') < 2. By Theorem 1.3, G =T > K[(n—2a+2)/3]-
By contracting 1" into a single vertex, we see that G = Kj(n15-20)/3] = K[n/(2a—2)], because
n > 4a — 4 and @ > & 2 525 When a > 4, a contradiction. This completes the proof

20—2
of (2). O

Let z € V(G) be a vertex of maximum degree. Let d := dg(z) and let w be the clique
number of G[N(z)]. Since n > 4a — 4, we have d > 3. Clearly a(G[N(z)]) < 2 because G is
claw-free by (2). By Theorem 3.1, G[N(z)] = Kj(41w)/31 and so G = G[N[z]] = K[atw)/3]+1-
Since G £ K[p/(2a—2)], We have

(3) 1+ 42 <o

Next, we claim that o(G[N(z)]) = 2. Suppose G[N(x)| is complete. Then G > K|y

and thus d+1 < 5*5. Now |G—N{z]| > "(22aa:23) and o(G— NJz]) = a—1 > 3. By induction,
G*>G-— N[I] > KHG’_N[Z‘“/(QO(_ZL)"' >~ K[n/(ga_g)], a contradiction. Thus Oz(G[N(I)]) = 2,
as claimed. Since a(G[N(z)]) = 2 and |[N(z)| = d > 3, G|N(x)] may contain induced 2-
edge paths. Let Py,..., P, be pairwise disjoint induced 2-edge paths in G[N(z)] with ¢t > 0
maximum. Then G[N(z)] — U;_, P» has s complete components, where 0 < s < 2, and
each component has at most w vertices. Note that every component of G[N(z)] — U;_, P

is complete by the choice of t. Thus

d—sw
(4) t >t

Now let G’ be obtained from G by contracting each of the path Py into a single vertex,
where 1 < k < ¢, and deleting the vertices in N[z] — J;_, V(P:). Then |G'| = n —d —
1+ t. Moreover, a(G') < a — 1. Suppose a(G’) > 3. Then by induction, G = G" =

K(n—d—14t)/(2a—4)]- Since G 7% K[, 2a—2)], We have "’221:4“ < 525- On the other hand, by

(4),n—d—1+t2n—2(1+%(d+w))+@+1. Thus

n—2(1+§(d+w))+@+1< n

200 — 4 200 — 2’

from which it follows that 1 4+ &% > 1o % + 3, contrary to (3) because 2 — s > 0.

Thus o(G’) < 2. Then o = 4 and by Theorem 1.3, G' = Kfyer|/31- Since G £ K61, we
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have
n—d—1+t - n
3 6
It follows that ¢t < d+1—%. This, together with (4), implies that 2d+2w+6 > 2d+sw+6 >
37” + 3, contrary to (3). This completes the proof of Theorem 1.6. [J

4 Concluding Remarks

Recently, Chudnovsky and Seymour (private communication) gave a structure theorem for
claw-free graphs, and used it to prove that every connected claw-free graph G with a(G) > 3
has x(G) < 2w(G), see [4]. Together with Theorem 3.1 and the argument of (2) in section
3, it is not hard to see that every graph G with «(G) > 3 has a K; minor, where ¢ >
%\G |. Note that Theorem 1.6 gives a better constant. Furthermore, Chudnovsky
and Seymour (private communication) also proved Theorem 1.5 using their structure theorem
on claw-free graphs. Our proof appears to be shorter.
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