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Abstract

A graph H is a minor of a graph G if H can be obtained from a subgraph of G by
cortracting edges.Let K4 be the graph obtained from Kg by deleting one edge. We
prove a conjecture of Jakobsenthat every simple graph onn 8 verticesand at least
(11n  35)=2 edgeseither hasa K g minor, or is isomorphic to a graph obtained from
disjoint copiesof K 1.2.2.2.2 and/or K7 by identifying cliques of size v e.
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1 Intro duction

All graphs consideredin this paper are nite and simple. Let G be a graph and let x and
y be adjacen verticesin G. We denoteby G=xy the graph obtained from G by cortracting
the edgexy, i.e., by replacingx and y by one new vertex adjacert to ewery vertex that is
adjacent to x ory in G. A graph is a minor of another if the rst can be obtained from
a subgraph of the secondby cortracting edges. We sa that a graph G hasan H minor
(denotedby G > H) if G hasa minor isomorphicto H.

Oneof the certral problemsof Graph Theory is the following conjecturedueto Hadwiger

[7].
Conjecture 1.1 For everyintegert 1, everygraphwith no K+; minor is t-colorable.

Hadwiger'sconjectureis trivially true fort 2, and reasonablyeasyfor t = 3, asshavn
by Dirac [2]. Howewer, fort 4, Hadwiger's conjecture implies the Four Color Theorem.
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(To seethat, let H be a planar graph, andlet G be obtainedfrom H by addingt 4 vertices,
ead joined to ewery other vertex of the graph. Then G hasno K,; minor, and henceis
t-colorableby Hadwiger'sconjecture,and henceH is 4-colorable). Wagner[14] proved that
the caset = 4 of Hadwiger's conjectureis, in fact, equivalert to the Four Color Theorem,
and the samewas showvn for t = 5 by Robertson, Seymourand Thomas [10]. Hadwiger's
conjectureremainsopen fort 6. Fort = 6, Kawarabayashi and Toft [8] proved that
any 7-chromatic graph has either K; or K44 as a minor. Jacobsen[4] proved that every
7-chromatic graph hasa K7 minor, where for integerp > 0, K, (resp. K;) denotesthe
graph obtained from K, by removing one edge(resp. two edges).

Mader [9] showved that for p 7 every graph with (G) (p 2)jGj p21 + 1 has
a K, minor. For p = 6, this result was instrumental in the proof of Hadwiger's conjecture
for t = 5 mertioned above, and so it is reasonableto expect that further progresswill be
tied to a suitable generalizationof Mader's result. Unfortunately, Mader's theoremdoesnot
extend for p  8: K222 IS a courterexamplefor p = 8, and further courterexamples
may be constructed by adding new verticesjoined to all existing ones. On the other hand,
Jrgensen [7] proved that every graph G with e(G) 6jGj 20 either hasa Kg minor or
is a (K2 2:2:2:2; 5)-cockade, where cockadesare de ned recursiwely asfollows. Let Hy;H, be
graphsand let k be an integer. Any graph isomorphicto H; or H, is an (Hq; H»; k)-cockade.
Now let G4, G, be (Hy; H,; k)-cockadesand let G be obtained from the disjoint union of G,
and G, by idertifying a clique of sizek in G; with a clique of the samesizein G,. Then
the graph G is alsoan (H1; H,; k)-cockade,and every (H1; H,; k)-cockade can be constructed
this way. In the casewhenH,; = H, = H, it will be calledan (H;k)-cockade. Thomas and
the author [12] proved that ewery graph G with (G) 7jG] 27 either hasa K¢ minor
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Thomas (see[12]) conjecturedthe following:

Conjecture 1.2 For everyp 1 there existsa constantN = N(p) suchthat every(p 2)-

connected graphonn N verticesand at least (p  2)n p21 + 1 edgeshasa K minor.

In [1], Chen, Gould, Kawarabayashi, Pfenderand Wei proved that every simple graph on
n verticesand at least9n 46 edgeshasa K4 minor, and usedthat to deducethat if, in
addition, G is 6-connected,then it is 3-linked. The work of Chen, Gould, Kawarabayashi,
Pfender and Wei suggestedthat there may be interest in the extremal problem for K
minors.



Jakobsen[4, 5] proved the following:

Theorem 1.3 For p= 5;6;7, if G is a graphwith n  p verticesand at least (p  3)n
(P 3)(p 1) edgesthenG> K, or Gisa (K, 1;p 3)-cockadewhenp6 7, or p= 7
and G is a (K.2.2.2; Kg; 4)-cockade.

In [5], Jakobsenalso conjecturedthat Theorem 1.3 extendsto p = 8 asfollows:

Conjecture 1.4 If Gisagraphwithn 8 verticesand at least % edges,thenG > K4
or Gis a (K2 222; K7; 5)-cockade.

The purposeof this paper is to prove Conjecture 1.4, asfollows.

Theorem 1.5 If G is a graphwith n 8 verticesand at least 11”—235 edges,then G > K4
or Gis a (K2 222; K7; 5)-cockade.

Jakobsen[5] pointed out that the graph K ,.,.,.,.3 cortains no Ky minor. In fact, there
K122 33, Kaz33andKsszz4 Thusan analogueof Conjecture 1.4 for p = 9 will have to
include the conclusionthat G is isomorphicto one of thesegraphs.

2 Preliminaries

We needto introduce more notation. For a graph G, we usejGj and ¢(G) to denote the
order and size of G, respectively. The complementG of a graph G has the samevertex
set as G, and distinct vertices u;v are adjacert in G just when they are not adjacert in
G. The complemen of a completegraph K will be denotedby K;. For any vertex v of a
graph G, we useN (v) or Ng(v) to denotethe subgraphof G spannedby the neighbors of
v. The subgraphspannedby x and the neighbors of x is denoted by N[v] or Ng[v]. For
any subgraphH of G we denoteby N(H) the subgraphof G spannedby the verticesin
V(G)nV(H) that are adjacert to a vertexin H.

For a graph G, A;B  V(G) and two nonadjacen verticesx;y 2 V(G), we will use
es(A; B) to denotethe number of edgesbetweenA and B in G and G + xy to denotethe
graph obtained from G by adding an edgejoining x to y. The join G + H (resp. union
G|[ H) of two vertex disjoint graphsG and H is the graph having vertex setV(G) [ V(H)
and edgesetE(G)[ E(H)[ fxyjx 2 V(G);y 2 V(H)g (resp. E(G)[ E(H)). The following



resultswill be neededlater. Theorem2.1is a result of J rgensen [7], Theorem 2.2 was rst
proved by Jung [6]. For a completecharacterization of the graphswith no pair of sud paths,
seeSeymour[11] and Thomassen[13].

Theorem 2.1 LetG beagraphwithn 1lverticesand (G) 6. ThenG > Kg[ Ky orG
is one of the graphsK 5.5, 2; K 3. 3.3 or the complementof the Petersengraph. In particular,

Theorem 2.2 Let G be a 4-connected graph and let x;, Xo, Y1, Y» be verticesin G. If G
doesnot contain an x; y; path andan x, Yy, path that are disjoint, then G is planar and
eG) 3G 7.

In the proof of Theorem 1.5, we shall considergraphswith n verticesand exactly d“”T%e
edges.Sudt graphshave verticesof degreeat most 10. Sincewe want to considercortraction
in the graph spannedby the neighbors of a vertex of minimum degree we needsomeresults
about cortractions in graphswith at most 10 vertices.

Lemma 2.3 Let G be a graph with 8 verticesand (G) 5. ThenG > K, [ Ky or Gis
isomorphicto Cg, C4+ C4, K3+ Cs, K, + Cg, Or K, 3.3 In particular, all thesegraphsare
edgemaximal subjet to not havinga K¢ [ K1 minor. Moreover, Cg > Kg and C4+ C4 > K.

Pro of. It isnot hard to verify that the graphslisted are edgemaximal subject to not having
aKg [ K1 minor. Thus we may assumethat ewery edgeof G is incidert with a vertex of
degreeve. Let x 2 V(G) be sud that d(x) = 5. If G Xx) %(7](3 Xj 15)= 17, by
Theorem1.3,G x> Ky orG x= Kz+ (K2[ K3). In the secondcase,x is adjacern to

the four verticesof degreed in K3+ (K[ K3). It iseasyto chedk that G > K, [ K;. Hence
we may assumee(G x) 16,andso20 ¢e(G) 21.If G) = 20,then G is 5-regularon
8 vertices. Thus G is 2-regular. It follows that G is isomorphicto Cg, C4[ Cs, or C3[ Cs,

and sothe lemmaholds. If &(G) = 21, then G has either one vertex of degree7 and seen
verticesof degree5 or two vertices of degree6 and six verticesof degreeb. In the rst case,
let y be the vertex of degree7. Then Gy is 4-regularon 7 vertices. ThusG y = Cy or
Cs[ C4. It iseasyto chekk that Gy > Ky [ K3 andthusG > K [ Kj. For the latter,

let z; w be the two vertices of degree6. SinceG is edgeminimal, we have zw 2 E(G). It

followsthat G  fz;wg is 3-regularon 6 vertices. Thus G is K, + Cg or K,.3.3. The last
assertionis easyto verify.



Figure 1: graph J.

Lemma 2.4 LetG beagraphwith9 n 10verticesand (G) 5. ThenG> K4 [ K;
or G is isomorphicto J (givenin Figure 1).

Pro of. Lemma 2.4 can be chedked by computers. Howewer, a computer-freeproof is given
in the Appendix.

By LemmaZ2.3and Lemma2.4,it follows that

Corollary 2.5 LetG beagraphwith8 jGj 10and (G) 5 ThenG> K4 [ KjorG
is isomorphicto Cg, C4+ C4, K3+ Cs, Ko+ Cg, K. 3.3, Or J. In particular, all thesegraphs
are edgemaximal (subject to not havinga K4 [ K1 minor) with maximumderee jGj 2.
Moreover, Cg > Kg, C4+ C, > Kg, and J > K.

Finally, we need someresults about cortractions in (Ki.2.2.2.2; K7; 5)-cockades. Our
proof of Conjecture 1.4 usesinduction by deleting and cortracting edgesof G. We needto
investigategraphsG sud that the newgraphG xy or G=xyisa (K 1.2 2. 2; K7; 5)-cockade,
wherexy 2 E(G). It turns out that cortracting an edgeof G in the proof of Conjecture 1.4
will not producea (K 1.2 2.2.2; K7; 5)-cockade. Sowe only considerthe casewhenG  xy is
a (K 1.2:2:2:2; K7; 5)-cockade. We do that next.

Lemma 2.6 Let G bea (K12 222; K7; 5)-cockadeand let x and y be nonadjaent vertices
in G. Then G + xy is contractibleto K .

Pro of. This is obviously true if G is K1.2.2.2.2. Sowe may assumethat G is obtained from
H, and H, by identifying on K5, whereboth H; and H, are (K 1.2.2.2.2; K7; 5)-cockades. If
both x; ¥y 2 V(H;), then H; > K4 by induction. Sowe may assumethat x 2 V(H;) V(Hy)



andy 2 V(H;) V(Hy). If thereexistsz 2 V(H;)\ V(H;) sud that yz 2 E(G), then
by cortracting V(H;) V(H1)\ V(Hy) to z, the resulting graph will have a K minor by
induction. Sowe may assumey is adjacen to all verticesin V(H;)\ V(H,). Similarly, we
may assumehat x is adjacen to all verticesin V(H)\ V(H;). Hencethereexistsw 2 V(H;)
sudh that Hy[fw;x; V(H1)\ V(H,)g] is a K; subgraphin H;. Clearly, G[fw;x;y;V(H{)\
V(H2)g] + xy > Kg .

It is easyto obsene that

Lemma 2.7 Let G bea (Ky.2.222; K7; 5)-cockade. Then e(G) = %

3 Proof of Theorem 1.5

In this sectionwe prove Theorem 1.5 by induction on n. The only graphsG with 8 vertices
and e(G) % areKg and Kg. Sowe may assumethat n 9 and the assertionholds
for smallervaluesof n.

Suppose G is a graph with n vertices and e(G) ””T% but G is not cortractible
to Kg and G is not a (K1.2:2.2.2; K7; 5)-cockade. By Lemma 2.6, we may assumethat
e(G) = d%e

If G hasa vertex x with d(x) 5, then (G x) .35 5> WEX 3B By the
induction hypothesisand LemmaZ2.7,G x> K4, a cortradiction. Thus

1) (G) 6.
(2) (N(x)) 5foranyx2 V(G).

Pro of. Supposethat there existsy 2 N(x) sud that dy(y) 4. Then eG=xy)

Heo D 34 5 e % By the induction hypothesisand Lemma 2.7, G x > Kg, a

cortradiction.

Let S bea minimal separatingsetof verticesin G, andlet G; and G, be proper subgraphs
of G sothat G = G;[ G, and G;\ G, = G[S]. Fori = 1;2, let d; be the largestinteger
sothat G; cortains disjoint set of vertices Vi; V,; :::; V, sothat Gi[V;] is connectedand
jISVVj=1,1 | p = jSj, and so that the graph obtained from G; by cortracting



Vi; Vo; 1115V, and deleting V(G) ([ V) has e(G[S]) + d; edges.Let GY (resp. GY ) be
obtained from G; (resp. G,) by adding d, (resp. d;) edgesto G[S]. By (1), |Gij 7,
i = 1,2. Hencewe may assumethat &(G;) %1%, (otherwise &(G?) > %2’3‘5 in
which case,G? > K, by induction). Similarly, we may assumethat &(G,) H°2-%  d,.
Consequetly,

(3) 11n2 35 e(G) — e(Gl) + e(Gz) e(G[S]) 1ln+112ij 70 dl d2 e(G[S]), and so
(4) 113jSj 35+ 2d, + 2d, + 2¢(G[S)).
(5) G is 5-connected.

Pro of. It follows from (4) that |Sj 4. Notethat di jSj 1 (G[S]), i = 1,2, and
26(G[S])) jSj (G[S]). By (4), we have 7]Sj 31+ (jS] 4) (G[S]), which implies that
ijSj 5.

(6) There is no minimal separatingset S sothat G[S] is complete.

Pro of. Supposethat G[S] is complete. By (5), |Sj 5. If | 6, by cortracting

V(G;) S andV(Gy) S into two new vertices,we get G > Kgz. Sowe may assume
jSi = 5. Note that when G[S] = Ks, we get equality in (3). Thus &(G;) = %12 for

i = 1;2and e(G) = ¥ |t follows by induction that G is a (K 1.2.2:2.2; K7; 5)-cockade, a
cortradiction.

(7) There is no minimal separatingset S with a vertex x sothat G[S x] is complete.

Pro of. Supposethat G[S x]iscomplete.By (5),jS] 5. By (6), wemay assume (G[S])
jSj 2. Thend, =d; = jSj 1 (G[S])and2¢(G[S]) = (jS] 1)(jS] 2)+2 (G[S]). By (4),
13Sj 35+4(Sj 1 (GIS)+(Si 1)(S] 2)+2 (G[S]) = jSj*+|Sj+ 33 2 (G[S])
iSi?+ jSj+ 33 2(jSj 2). It followsthat jSj? 12Sj+ 37 0, which is impossible.

®8) 7 (G) 10

Pro of. Let x 2 V(G) be a vertex sud that d(x) = (G). By (1), d(x) 6. If d(x) = 6,
by (2), N(x) = Kg. Now K¢ will be a minimal separatingset, which cortradicts (6). Thus
(G) = d(x) 7. On the other hand, sincee(G) = dH"-%¢, we have d(x)  10.
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Pro of. Supposethat d(x) 7. By (8), d(x) = 7. By (2), (N(x)) 5. ThusN(x) =
K; M, whereM is a matching of N(x). Let K be a componert of G NJ[x]. By (7),
N (K) cortains two nonadjacen vertices,say aand b, in N(x). Let P beana bpath with
interior verticesin K. If jMj 2, then by cortracting all but one of the edgesof the path
P, G > Kg, acortradiction. Sowe may assumethat jMj = 3, that iSN(X) = K1.2.2.2.

Let V(N (X)) = fy; z1; 25; z3; Wy, Wo; Wsg Sothat y is adjacert to all verticesin N(x) y and
zw; 2 E(G). Supposethat G N[x] is disconnected.Let K and K ° be two componerts of
G NJx]. SinceN(x) = K1.2.2:2, by (7), N(K) and N (K9 cortain two pairs of nonadjacer
verticesof N (x), respectively. We may assumethat z;;w; 2 N(K) and z,;w, 2 N(K 9. Let
P be a z;-w; path in K and P°be a z,-w, path in K° Then by cortracting all but one of
the edgesof P and P? respectively, we get a K5 minor of G, a cortradiction. Hence

(9a) G N[x] is connected.

(9b) There is no vertex in G N|[x] that is adjacen to a pair of nonadjacen verticesin
N (X).

Pro of. Supposethat there existsv 2 V(G) N][x] adjacen to, say z; andw;. Let K bea
componert of G N|[x] v. If N(K) cortains a pair of nonadjacen verticesof f z,; z3; W,; WxQ,
s&/, Z, and w,, then there is a z,-w, path P in K. Now by cortracting v to z; and all but
one of the edgesof the path P, we get a Kg minor of G, a cortradiction. Thus by (7), we
may assumezy;w; 2 N(K). Let K= G N[x] K. Clearly, K°is connected. If N(K?9
cortains a pair of nonadjacen vertices, other that z; and w; of N(x), then G would have
aKg minor, a cortradiction. Therefore,we may assumethat w,;w; 2 N(K) N(K9 and
2,232 N(K9 N(K). Sincew,z; 2 E(G), w, and zz have at least one commonneighbor
in G NJ[x]. It followsthat vw,;vz; 2 E(G) and thusw, 2 N (K9, a cortradiction.

Letv2 N(x) andw 2 V(G NJx]) be suc that v 6 y andvw 2 E(G). By (2) and
(9b), v and w have at most three commonneighborsin N (x). Hence,

(9¢c) forany v2 N(x) v, Vv hasat leastthree neighborsin G N[x].

Supposethat w is a cut-vertex of G N[x]. Let K beacomponert of G NI[x] w
andlet K°= G N[x] K. Then K?%is connected. SinceN (x) = K1.2.2.2, by (7), N(K)
and N (K9 cortain at least one pair of nonadjacem verticesof N (x), respectively. If N(K)



and N (K9 cortain distinct pairs of nonadjacen verticesof N (x), then G would have a K 4
minor by the existenceof sud two disjoint paths in K and K °, respectively. So we may
assumethat z;w; 2 N(K)\ N(K9 and N(K) and N (K9 cortain no pair of nonadjacen
vertices of N (x) other than z;;w;. Thus we may assumethat z,;z; 2 N(K9 N(K) and
wo;wz 2 N(K)  N(K9. Sincew,z; 2 E(G), w, and z3 have at leastone commonneighbor
in G NJ[x]. It follows that ww,;wzs; 2 E(G), and thus w, 2 N(K9, a cortradiction.
Therefore

(9d) G NJx] is 2-connected

Considerthe graphH = G fX;y; z3; wsg. We next showv that H is 4-connected.

Let S beaminimal separatingsetof at mostthree verticesin H. By (9c) and (9d), jS] 2
andjS\ N(x)j 1.1fjS\ N(x)j = 1,wemay assumehat w; 2 S. Sincez;z,;z;w, 2 E(G),
Z1;2Z,; W, are in the samecomponert of H S. Denote this component by K. If w; 2 S,
then alsow; 2 K, and in this casewe assumethat S and w; are chosensothat jS\ N (w;)j
is maximal. We next show that there exist zJ andw? in G N[x] S adjacen to z, and
Wy, respectively. By (9b) and (9c), we may assumethat w, has exactly three neighbors in
G NJx], s& a;b;c, and S = fa;b;cg. Clearly, w; 2 S. By the assumptionthat jS\ N (w)j
is maximal, it follows that w; is adjacert to all verticesin S. Sincew,z; 2 E(G), by (2), z,
and w, have at least one commonneighbor in G N|[x]. Sincew, hasonly three neighbors
a;b;cin G NJx], we may assumez;a 2 E(G). Now a is adjacen to both z; and wy,
which cortradicts (9b). This provesthat there exist z;w3 2 (V(G) NI[x] S) sud that
2,29, WoW3 2 E(G).

Clearly, z2;w9 2 K. By (9d), G N|[x] cortains two independer z3-w3 paths. One of
thesepaths is contained in G[K [ S].

SinceG is not cortractible to N [x]+ zZoW»+ Z3ws, thereis no zz-ws path in G[K J f z3; wag],
whereK °6 K is another componert of H S. But this implies that K °is separatedfrom
x by S and two adjacert verticesin N(x). We may assumethat sud two vertices are
fy;wsg. SinceG is 5-connected,jSj = 3. Let S = fs;;sy;5309, wheres; = wy if wy 2 S,
and S°= S| fy;wsg. Then SPis a minimal separatingsetof G. Let H; = G[K°[ S% and
H,=G K2 Letd; andd, bede ned asin the paragraphfollowing (2). Clearly, K [ fx; zzg
is cortained in H,. By Menger'stheorem,there exist three disjoint paths betweenf x; wy; z,g
andSin G fy;wsg. By cortracting thosepaths, we getd, + es(S9 = ¢Ks) = 10. By (2),
d, 1.By(4),55=11 5 35+ 2(d,+ &SY) + 2d, = 35+ 20+ 2= 57, a cortradiction.



Thus H is 4-connected.

Since G is not cortractible to K4, it follows from Theorem 2.2 applied to the vertices
Z1;Zo; W1, W, that e(H)  3Hj 7= 3(n 4) 7. Sincethe vertices z; and w4 have no
commonneighbor in G N[x], they together have at most jGj |N[x]j = n 8 neiglbors
in G NJ[x]. The verticesf z3; wsg are incidert with 8 edgesof N[x]. Thus

1In 35

> eG) d(x)+d(y) 1+eH)+(n 8)+38

7+n 2+3n 4 7+ (n 8)+8=5n 14
It followsthat n 7, which cortradicts the fact that n (G)+1 8hbhy (8).

(10) Let x beavertex such that 8 d(x) 10. Then thereis nocomponert K of G NJx]
sud that N(K) = N(x).

Pro of. Suppose sud a componert K exists. By (2), (N(x)) 5. By Corollary 2.5,
N(X) > Kg [ Kior N(x) > Kg or N(x) 2 fKz + Cs5; K233, K+ Ceg. In the rst case,
there is a vertex y 2 N(x) sud that N(x) y > Kg. By cortracting V(K) [ fygto a
single vertex we seethat G > Ky, a cortradiction. We will usethis argumert repeatedly
later, and we shall refer to it as\contracting K onto a free vertex of N (x)". If N(x) > K,
then we obtain the sameconclusionby cortracting K to a vertex. Sowe may assumethat
N(x) 2 fKz+ Cs; K233, Ko+ Cgg. Weclaimthat G N[x] is connected.SupposeG N [x]
is disconnected. Let K°6 K be another componert of G N[x]. By (6), N(K?9 is not
complete. Let a;b 2 N(K9 be such that ab 2 E(G). Let P be an a-b path in K®% By
Corollary 2.5, N(x) is edgemaximal, and soN[x][ P > K, [ K;. By cortracting K to a
freevertex of N(x) [ P, we get G > Ky, a cortradiction. Thus G N[x] is connected,as
claimed. We considerthe following two cases.

Case 1. G N|[x] is 2-connected.

SupposeN (x) 2 fK, + Cg;K2.3.39. By (2), there exist x1;Xo;y1;¥> 2 N(X) sud that
X1X2;¥1Y2 2 E(G), X1 and x, (resp. y; and y,) have at least two common neighbors in
G NI[x], and x1y1;X2y2 2 E(G) but N[x] + X1y1 + Xo¥2 > Kg. Let uj;u; 2 V(K) be
two distinct common neighbors of x; and x,, and wy;w, 2 V(K) be two distinct common
neighbors of y; and y,, respectively. By Menger'sTheorem, K cortains two disjoint paths
from fuq; u,g to fwy; w,g. Thus G hastwo disjoint paths with interiors in K, onewith ends
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X1;Y1, and the other with end x,;y,. Then G > K4 by the existenceof thosetwo paths, a
cortradiction.

SupposeN (x) = K3+ Cs. Let V(K3) = fay; ay; asgandlet Cs haveverticesy:; Ys; Ya; Va; Vs
inorder. Letw2 V(G N]Jx]). ThenG N|[x] w isconnectedand eadt vertex of N (x) is
adjacen to at leastonevertexof G N[x] w. If wis adjacen to two verticesof a;; a,; as,
s&y ap; &, then G > N[x]+ ayax + y1y2+ Yoy3 > Kg by cortracting wa; and V(G N[x] w)

S& Y1;Y2, then G > N [X]+ y1y>+ Yoys+ Y3y > Kg by cortracting wy; andV(G NI[x] w)
onto ys, respectively. Sowe may assumethat any pair of nonadjacen verticesof N (x) have
no commonneighbor in G N[x]. By (2), there exist wy;wy;ws;wy 2 V(G N[X]) sudh
that w; is a commonneighbor of y; and a;, i = 1;2; 3, and w, a commonneighbor of y, and
ys. Sinceany pair of nonadjacen vertices of N (x) have no commonneighbor in G N[x],
we havew; 6 w; fori 6 j. AsG NIx] is 2-connectedthere exist two disjoint paths, say
P1; Py, betweenfw;;wsgand fwy; wsgin G N[x]. We may assumethat P; is a w;-w; path.
Now G > N[x]+ ajaz + y1y2 + Y1Ys > Kg by cortracting a;ws, y1w, and all but one of the
edgesof ead of Py; P, a cortradiction.

Case 2. G N|[x] is not 2-connected.

In this case,G N|[x] is connected.Let w be a cut-vertexof G N|[x] and let H; be a
connectedcomponert of G N[x] w with N(H;) minimal, andlet H, = G N[x] H;.
Clearly, H, is alsoconnected.If N(H;) N(H;) orN(H;) N(H,), sa the latter. Then
N(H1) = N(K) = N(x). By (6), there existse = ab2 E(N(H,)). By Corollary 2.5, there
existsu 2 N(x) sud that N(x) + e u> K. Then G > Kg by cortracting the a-b path
in H, and cortracting V(H1) to u. Sowe may assumethat thereexista2 N(H;) N(H>)
and b2 N(H,) N(H.;). By (2), any two adjacen verticesin N(x) have at least one
commonneighborin G N[x]. Thusab2Z E(G), Nny(@) N(Hi1) andNyy(b)  N(H2).
SupposeN(x) 2 fK, + Cg K239 Sinceab 2 E(G), there exist X1;y1 2 Ny (2) and
X2;¥2 2 Ny (D) sudh that x1y1; X2y2 2 E(G) but N[X]+ X1y1 + X2y2 > Kg . Then G > Ky
by the existenceof x;-y; path in H;, i = 1;2, a cortradiction. SupposeN (x) = K3+ Cs. Let
V(K3) = fag;ay; azg and let Cs have verticesys; Y»; ys; Ya; Ys in order. If a;b2 fay;ay; asg,
theny; 2 (Nnooy(@)\ Nn(b) foralli = 1;2;:::;5. ThusG > Kg by cortracting V(H1)

and b= vy,. Clearly, a;;a,;as;Vy3; ¥4 2 N(Hy) and a;; a5; as; ¥4, ¥s 2 N(H»,). By (2), y; and
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ys have at leastonecommonneighoor, say y, in G N [x]. We may assumethat y 2 V(H,).
Thenys 2 N(H;) andsoG > K4 by cortracting V(H;) to y, and V(H) to a;, respectively,
a cortradiction.

(11) Let x beavertex sucdh that 8 d(x) 10. Then thereis nocomponert K of G N|[x]
sud that N(K9 N(K) for every component K°of G N|[x].

Pro of. Supposesudt a componert K exists. Among all verticesx with 8 d(x) 10 for
which sud a componern exists, choosex to be of minimal degree.By (10), N(K) 6 N (x).
Lety 2 N(x) N(K) be of smallestdegree.Then N(y) N[x]. Note that d(y) d(x)
d(y) + 2. Supposed(x) = d(y). Then ead vertex of N (x) is either adjacert to all verticesin
N [x] or cortained in N (K), and dy x)(y) = jN(x)] 1. By Corollary 2.5,N(x) > Kg [ K.
By cortracting N (K) to a free vertex of N(x), we obtain G > K4, a cortradiction. Next,
supposed(x) = d(y) + 1. Letfzg= N(x) N]Jy]. Thenz 2 N(K), for otherwisewe would
have choseny for x. By the choiceofy, d(z) = d(x) 1. Thusfzgisacomponert of G NJy]
sud that N (fzg) = N(y), which cortradicts (10). Finally, supposed(x) = d(y) + 2. Then
d(x) = 10. Let fz;wg= N(x) N]Jy]. Clearly, z and w are not both in N (K), otherwisewe
would have choseny for x. Sowe may assumethat z 2 N(K). If zw 2 E(G), thenfzgisa
componert of G N|[y] sud that z is adjacert to all the verticesin N (y), which cortradicts
(10). Sowe may assumezw 2 E(G), and thusw 2 N (K) (otherwise we would have chosen
y for x, becauseK [ fz;wgisacomponent in G NJy] satisfying (11)). By the choiceofy,
d(z);d(w) d(y). Nowe(N(x)) (dy) D1+ (d(z) 2)+ (dw) 2)+ 1+ TR0
3d(y) 4+2(dly) 1)=5dly) 6= 5(d(x) 2) 6=5dxx) 16> I 12 By
Theorem1.3,N(x) > K, andsoG > N|[x] > K, a cortradiction.

It follows from (11) that
(12) G N[x] is disconnected.

(13) Let x beavertex sudh that 8 d(x) 10. Then thereis nocomponent K of G N|[x]
with onevertex w sothat dg(y) 11for every vertexy 6 win K anddg(w) dg(x).

Pro of. Assumethat sud a componert K exists. Let G; = G K and G, = GIK |
N(K)]. Let d; be de ned asin the paragraph following (2). Let GS be a graph with
V(GY) = V(G) and &(G?) = €&(G,) + d; edgesobtained by cortracting edgesin G;. By
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9), G 9. If &GY) > 11]6? ® then G > G2 > K, by induction, a cortradiction.
Thus e(G,) = eG9) dy 8L ¢, = WNIORIKI 3 g, On the other hand, for
any u 2 N(K), there existsw 2 K sud that uw 2 E(G). By (2), dg,(u) 6. Thus

&(Gy) 16 N(K)j+ 11(Kj 1)+ dg(w)) ~INEUHLK] 1d) 1t follows that

(13a) 5IN(K)j 24+ d(x) + 2d; and sojN(K)j 7 by (9).

Lett = es(N(K):K) andd = (N(K)). Then &G,) = eGIK]) + t + e(N(K))

11(GK | 1)+ dg(w) t IN(K)] d 13K 11+d(x)+ t+jN(K)j d
’ e +t+ > 5 . It follows that

(13b) 22 g + d(x) + 12+ WNERMNEN GN(K)] 1 d) + d(x) + 12+

diN(K)i 14N (K)j — diN(K)i 2) 9N (K)]
5 = 11+ d(x) + > >

P
Notethat t ., da(v) 28(G[K]) 11GKj 1)+dw) jKj(Kj 1) j Kj2+
123K j+d(x) 11.1ft d(x)+ s, then

(13c) jKj2 12Kj+ 11+s O.

By (10), N(K) & N(x). This, together with (13a), impliesthat 7 jN(K)j 9. Thus
JKi (( Gy)+1) |jN(K) (11+1) 9= 3. Wenextshavthatt d(x)+ s, where
s= 14.

By 2,d 5 (N(X)j jN(K)j). If jN(K)j= 7, by (6) and (13a), we haved; 1 and
d(x)+2d; 11.Thusd(x) 9andd 5 (9 7)= 3.By (13b), w 1+ d(x)+ 12+
IN(T TUN () 7. 1f j]N(K)j = 8,thend(x) 10andd 5 (10 8)= 3. By (13b),

LA 11+ d(x) + WNEN 2 INEN g4 gx)+ 282 98 7 4f N(K)j = 9,
thend(x) = 10andd 5 (10 9)= 4. By (13b), "% 11+ ¢(x)+ dNEN 2 AN
11+ d(x) + 282 29> 7 Inall caseswe havet d(x) + 14ands = 14.

Sinces = 14and jKj 3, by 13(c), jKj > 8. Note that e(G[K]) 0K Drdw) t

MOK] 1)y ted) - WKL 25 gt follows that G[K ] > K by induction, a cortradiction.

By (9), G hasa vertex of degree8; 9 or 10. Among the vertices of degree8; 9 or 10 for
which the order of the largest componert of G N|[x] is maximum, choosex so that its
degreeis minimum. Let K be a largestcomponert of G N[x].

By (12), there is another componert K°of G N[x]. By (13), there is a vertex x°in K °©
of degreedg(x9  10. By the maximality of the order of K, N(K) N (x%\ N(x). Thus
N(K) N(K9 andK is alsoa componert of G N[x9. By the choiceof x, d(x%  d(x).
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By (13), there exists another vertex y°6 x°in K °of degreed(x) d(y9 10. Clearly, y°is
adjacen to ewery vertexin N(K). By (11), Thereis a third componert K ®®of G N|[x]. By
symmetry, K ®®hastwo verticesx®y°%of degreeat most10in G andN(K) N (x°J\ N (y9%.
LetG;= G K,G;=GIN(K)[ K] andlet d; and d, be asin the paragraphfollowing (2).

Since (N(x)) 5, (N(K)) 5 (10 jN(K)j) = JN(K)j 5. Thereforethereis a
subgraphT of N(K) with jN(K)j 5 verticesand at leastjN (K)j 6 edges.Contract the
verticesin N(K) T with dierent verticesin fx; x%y%x%y%, which are adjacen to every
vertex in N(K). It is easyto seethat

di+ &(N(K)) eKs)+ 5(N(K)j 5)+ (IN(K)ji 6)= 6N(K)j 2L ()

By (4), di+ e(N(K)) HNEU3 28 ¢ follows that d, = 1 and jN(K)j = 5. However,
whenjN(K)j = 5,by (), di+ &N(K)) eKs)+ 5(N(K)j 5)=5N(K)j 15= 10.
By (4) again,55= 11jN(K)j 35+ 2(d; + e(N(K)) + 2d, 35+ 20+ 2 = 57, which is
impossible. This completesthe proof of Theorem 1.5.

4 App endix: Proof of Lemma 2.4
Here we give a computer-freeproof of Lemma2.4. We rst prove two lemmas.

Lemma 4.1 Let G be a graph on 8 vertices. Let u;w 2 V(G) be such that d(u) 4,
diw) = 7, andd(v) 5for everyv6 u;w. Then G > K4 [ Kj.

Pro of. Supposed(u) 5. Then (G) 5and ( G)= 7. By Lemma2.3,G> Kq [ Kj.
Sowe may assumethat d(u) = 4. Then &(G) d*™> e = 21. Notethat G u) =
e(G) 4 17andG u hasat mostthree verticesof degree4. By Theorem 1.3, we have
G u>Kg.

Lemma 4.2 Let G beagraphon 9 vertices. Letuw 2 E(G) be suchthatd(u) = 4, d(w) 7
andd(v) 5for everyv6 u;w. ThenG> Kq [ Kj.

Pro of. SupposeG is not cortractible to K4 [ K;. We may assumethat G is edgeminimal.
We claim that d(w) = 7. Supposed(w) = 8. Sincethe number of odd vertices of any graph
is even, there exists another vertex, say v 2 V(G), sudh that d(v) 6. Clearly, vw 2 E(G)
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anddg w(w) 7,ds w(u)=4,ds w(v) 5forany v 6 u;w, which cortradicts the fact
that G is edgeminimal. Henced(w) = 7, asclaimed.

We rst show that G is 4-connected.Let S be a minimal separatingsetof G with |jSj 3.
SincejGj = 9andd(v) 5forany v 6 u;w, we have |Sj = 3. Let H; and H, be the two
connectedcomponerts of G S. Then jH,j = jH, = 3. We may assumethat H,; = K3
and eadt vertex of H; is adjacen to all verticesof S. Note that there exists a vertex, say
a2 V(H,), adjacen to all verticesin S. Let b2 S. Now G=ab V(H, a) > K4. This
provesthat G is 4-connected.

Sinceuw 2 E(G), let V(N (u)) = fw;a;b;cgandA = V(G) V(NJu]) = fd;e;f;gg. We
next prove the following claim.

Claim: For anyv 2 fa;b;cg, if vw 2 E(G), thendy)(v) 2.

Pro of. Supposeotherwise. We may assumethat aw 2 E(G) and ab;ac 2 E(G). Let w®be
the new vertex in G=ua. Then dg-,a(W) = 6, dg=,a(W9) 6 and ww®2 E(G). Note that
(G=ua ww9 5. By LemmaZ2.3,G=ua> K4 [ Kj.

Supposethat w is adjacer to all verticesof A. Sincedg(w) = 7, we may assumethat
cw 2 E(G). If ca2E(G) ordg(a) 6,then ( G=ug = 7, dg=wc(b) 4 anddg=yc(v) 5
for any v 2 V(G=uc b). By Lemma4.l, G=uc > K4 [ K;. Henceca 2 E(G) and
ds(a) = 5. Similarly, cb2 E(G) and dg(b) = 5. Note that es(v;fa;b;cg) 1 for any
v2 A. If GIA] = K4 or K, , then G=ac=bc u > K. Sowe may assumethat e(G[A]) 4.
Thuses(A;N(u)) 20 2¢(G[A]) 12andes(fa;bicg;A) = ec(A;N(U))  es(w;A)
12 4= 8. Note that dg(a) = ds(b) = 5. It followsthat ab2 E(G) and c is adjacert to all
verticesof A. Hencedg(c) = 7, dg(v) = 5forany v 2 A, and e(G[A]) = 4. S0G[A] = C4
or Ki+ (K[ Ky). In the rst case,we may assumethat G[A] has vertices d;e;f ;g in
order and ad 2 E(G). Then by symmetry, either af 2 E(G) or ae2 E(G). If af 2 E(G),
then be;bg2 E(G) and so G=ad=be u = K4. If ae2 E(G), then bf;bg2 E(G) and so
G=uw=de a= K. In the secondcase,we may assumethat ed;ef;egfg2 E(G). Then
d is adjacert to all verticesof N (u). Note that either af;bg2 E(G) or ag;bf 2 E(G). In
either case,G=da=db u > K. This provesthe casewhenw is adjacer to all vertices of
A.

Supposew is adjacert to all verticesof N (u). Thendg(w; A) = 3. By Claim, (GJfa;b;cqg])
1. We may assumethat ab;bc2 E(G). Note that eg(v;fa;b;cg) 1foranyv 2 A. If
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G[A] = Ky, then G=ab=bc u > K4;. Sowe may assumethat e(G[A]) 5. It follows
that eg(A;N(u)) 20 2¢(G[A]) 1l0andsoeg(fa;b;cg;A) = es(A;N(U)) es(w;A)
10 3= 7. Thuscaz E(G) (otherwise,sinceG is edgeminimal, at most oneof a; b;c could
be of degree> 5, and soe(fa;b;cg;A) 4+ 1+ 1= 6, acortradiction). If a is adjacer to
all verticesof A, then ( G=uQ) = 7, dg=yc(b) = 4 and dg=,c(v) 5Sforanyv2 V(G=uc b).
By Lemma4.1,G=uc> K4 [ K;. Hencea, similarly c, is adjacert to at most three vertices
of A. Thuses(N(u);A) 3+ 3+ 1+ 3=10 eg(A;N(u)). It followsthat G[A]= K, , a
(resp. ¢) is adjacen to exactly three verticesof A and b is adjacen to exactly one vertex of
A, all verticesof A are of degree v e. SinceG[A] = K, , we may assumethat de Z E(G).
Note that eg(b;A) = 1, we may assumethat be2 E(G). Then ew; ea;ec2 E(G). Obsene
that eg(d;N(u)) = 3andif v2 N(u) is not adjacert to d, then vf 2 E(G) or vg 2 E(G),
s& the later. Clearly, G=ae=dg f > K.

Pro of of Lemma 2.4. We may assumethat G is minor minimal subjectto (G) 5and
Gl 9.1f (G) 6,by Theorem2.1,G> K, [ K;. Sowe may assumethat (G) = 5. We
rst prove two claims.

Claim 1. Every edgeof G is in at least two triangles.

Pro of. Supposee = uv 2 E(G) is in at most onetriangle in G. Let w be the new vertex
in G=e Thendg(w) 7,andds(y) 4, wherey is the commonneighbor of u and v in
G. Clearly, wy 2 E(G=€ and dg=¢(v) 5forany v 6 w;y. SinceG is minor minimal, by
Lemma4.1and Lemma4.2,G > G=e> Ky [ Kj.

Claim 2. Thereis no edgeof G with both endsof degree at least six in G.

Pro of. Supposee = uv 2 E(G) issud that d(u);d(v) 6.Then (G € 5andjGj 9,
which cortradicts the fact that G is minor minimal.

We next shawv that G is 4-connected.Let S be a minimal separatingsetof G with |Sj 3.
Let H; be a componert of G S with minimal orderandH, = G S Hjy. If S 2,
then, since (G) 5, jH4j;jH, 4, and hencejSj = 2, H; and H, are isomorphicto K4,
becausgGj 10. But then, clearly, G > K4 [ K;. SupposejSj = 3. Then H; = K3 and
3 jH,j 4. Note that ewery vertex of H; is adjacen to ewery vertex of S. If thereis a
vertex b2 V(H;) sud that bis adjacen to all verticesin S, then G=ab V(H, b > Kg,
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wherea 2 S. Otherwise H, = K4. By the minimality of |Sj, G has a matching from S
into H,. By cortracting this matching, it followsthat G > K, [ K;. This showsthat G is
4-connected.

Since (G) = 5, let x 2 V(G) be sud that d(x) = 5. We may assumethat V(N (x)) =
fa;b;c;d;egand A = V(G) V(N[X]) = fyi;y2; 1Y) 60

Claim 3. N(x) contains no sulgraphisomorphicto K 3.

Pro of. Supposethat N(x) has a subgraphH isomorphicto K,.3. We may assumethat
dy(a) = dy(e) = 3and dy (b = dy(c) = dy(d) = 2. Supposethat there exists a vertex
of A, say yi1, sud that y;b;y.c;y:d 2 E(G). If G[fb;c;dg] 6 K3, say bc2 E(G), then
G=yid y,> Ky . Sowe may assumethat GI[f b;c;dg] = K. If two of b;c;d, say b;c, have
a common neighbor, say y,, of A y; in G, then G=by=dy; y; > K4 . It follows that
any two verticesof b;c;d have no commonneighborsin A, thus there is a matching M from
fb;c;dginto A vy, = fy,y3y40, and V(M) \ A is not a stablesetin G. We may assume
that y,y3 2 E(G) and by,; cy; 2 M. Now G=by=y,y3=dyy Y4 > K, . This provesthat there
is no vertex of A adjacern to all b;c;d in G. Next, supposethat G[f b;c;dg] inducesat least
two edges,say bc;cd 2 E(G). We may assumethat bd;ae 2 E(G), otherwiseN|[x] > Ky .
Among a;b;d; e, by Claim 2, we may assumehat dg(e) = 5. Letey, 2 E(G). If cy; 2 E(G),
by Claim 1, (N(e)) 2. Thusby;;dy; 2 E(G) and soG=by vy, > K. It follows that
cy: 2 E(G). Thendg(c) 6. By Claim 2,dg(a) = dg(b) = dg(d) = 5. By Claim 1 and the
symmetry of b and d, we may assumethat by; 2 E(G). Then dy; 2 E(G), otherwisey; is
adjacen to all b;c;d in G. Similarly, let dy, 2 E(G). Then cy, 2 E(G) and by,; ey, 2 E(G).
Thus ay, 2 E(G). Now y; is only adjacert to c;yi;Y2; Y4, Which cortradicts the fact that
ds(y3) 5. This provesthat G[f b;c;dg] cortains at most one edge. We may assumethat
bcbd2 E(G).

Supposethat dg(a); ds(€) 6. Then (G=xb 5. Since G is minor minimal, we
have jGj = 9. Let w be the new vertex in G=xh Then dg=p(W) 6. If dg=p(@) 6 or
de=xo(€) 6, s& the latter, then (G=xb ew) 5. By Lemma2.3,G=xb> K4 [ K;. It
follows that dg(a) = dg(e) = 6. SincejGj = 9 and the number of odd vertices of a graph
is even, there exists a vertex of A, say yi1, sud that dg(y:) 6. Then dg=x(y1) 6 and
wy; 2 E(G=xb. Now (G=xb wy;) 5.BylLemmaZ2.3,G=xb> K, [ K;. Consequetly,
ds(@) = 5or ds(e) = 5. We may assumethat dg(a) = 5. If ae 2 E(G), then, since
G is 4-connected,e has at least one neighbor in A. It follows that dg(e) 6 and so
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ds(b) = dg(c) = ds(d) = 5. Now x and b have exactly two common neighoors a and e
in G. If dg(e) 8, thenin G=xb ( G=xb 7, dg=xp(@) = 4 and dg=xn(v) 5 for any

v2 V(G=xb a). By Lemma4.1and Lemma4.2, G=xb> K4 [ K;. Sowe may assume
that e is adjacert to at most two verticesof A in G. Then eg(N(x);A) 8. It follows
that eg(N(x);A) = 8, jAj = 4, G[A] = K4, and G[fb;c;dg] = K3. We may assumethat

byi;cys 2 E(G). Then G=by=y1y,=y»ys V4 = Kgz. Henceae Z E(G). Let ay; 2 E(G).

Then cd 2 E(G), otherwise,by Claim 1, (N(a)) 2, but then y; is adjacen to all b;c;d

in G. Again, by Claim 1, y;b 2 E(G). By symmetry of ¢ and d, we may assumethat

cy: 2 E(G) and sody; 2 E(G) (otherwisey; is adjacer to all b;c;d). Let dy, 2 E(G).

Then ay, 2 E(G) and y, is adjacert to at most oneof band c in G. It follows that either
yoy1 2 E(G) (in this caseG=by=y1y> Y3> Kg) Or yays;Y2y4 2 E(G) and y; is adjacert to

at leastoneof ys;y4, S& y3 (in this caseG=byi=y1y3=ysy> V4> Kjg).

Claim 4. N(x) contains no sulgraphisomorphicto K; + (K, [ K»).

Pro of. Supposethat N(x) has a subgraphH isomorphicto K; + (K, [ K;). We may
assumethat dy(c) = 4, and ab;de 2 E(H). By Claim 3, there exists at most one edge
betweenf a;bg and f d;eg in G. Supposesud an edgeexists. By symmetry, we may assume
that ad2 E(G). By Claim 2, we may assumethat dg(a) = 5. Let ay; 2 E(G). By Claim 1,
(N(a)) 2. By Claim 3, we may assumethat cy; 2 E(G). It followsthat ds(c) 6 and
by Claim 2, dg(b) = dg(d) = dg(e) = 5. If eg(Cc;A) 3, then dg=xe(C) 7, dg=xe(d) = 4
and dg=xe(v) 5forany v6 e. By Lemma4.land Lemmad4.2,G > G=xe> Kg4 [ Kj.
Henceeg(c;A) 2. By courting the number of edgesbetweenN (x) and A in G, it follows
that eg(A; N(x)) = 8 and G[A] = K,4. Let by;ey 2 E(G), wherey;;y;;y: could be the
same. Clearly, G=ey =y yi=yiy1 (A fy;Vi;¥j0) = Kg. This shows that there exists no
edgebetweenfa;bg and fd;eg in G. By Claim 2, we may assumethat dg(b) = ds(e) = 5.
Let by; by 2 E(G).

Supposethat dg(c) = 5. Then by Claim 1, y,y,;ayi;ay. 2 E(G). Let yi;y; be the
two neigtbors of e in A. By Claim 1, y;y;;dy;;dy; 2 E(G). If y; = y; andy; = y,, then
G=ey=dy, y; > Kg. Ify; = y;andy, 6 y,, we may assumethat y; = y;. Then
G=eyi=ay; VY.> Kg if ayz 2 E(G) or G=ey=dy, y3> Kg if dy, 2 E(G). It follows that
G[A] = K4. Now G=ey=ay=Y,ys VY4 > Kg. Hence,by symmetry, we may assumethat
Yi;¥i 6 y1;¥2 and soeys; ey, 2 E(G). Clearly, G> K4 [ K or G isisomorphicto J. This
provesthat dg(c) 6. By Claim 2,dg(a) = dg(b) = ds(d) = dg(e) = 5. If dg(c) 8, then
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Jo=xa(C) 7,dg=xa(b) = 4anddg=xa(v) 5Sforanyv 6 c;b. By Lemma4.1land Lemma4.2,
G=xa> Ky [ Kj. It followsthat 6 dg(c) 7. Sincebys; by 2 E(G), by the symmetry of
a;b;d; e, we may assumethat cy; 2 E(G). By Claim 1, y1y,;ay; 2 E(G).

Supposeey; 2 E(G). By Claim 1, dy; 2 E(G). If dy, 2 E(G) or ey, 2 E(G), s&
the latter, then G=ay;=by, vy; > Kgz. Sowe may assumethat dy,;ey, 2 E(G). Let
eys 2 E(G). By Claim 1, y;y3 2 E(G). By symmetry of a;b;d;e, ays;by 2 E(G). If
jAj = 3, then by Claim 1, cy,; cys; ay»; dys; Yoys 2 E(G) and so G=xd=yy; e= Kg. If
JA] = 4, sincey, is adjacern to at leasttwo vertices other than b;e of H, we may assume
that ay, 2 E(G). Then G=ay,=byi fy,;y30 = K4 if dy, 2 E(G), otherwiseysy, 2 E(G)
and G=byi=ey=ysy, Yy, = Ky . This provesthat ey; 2 E(G) and similarly, dy; Z E(G).
Thusyyy; 2 E(G), i = 2;3;4,and dg(y1) = 5. Weclaim that G[A] = K4. If ay, 2 E(G), by
Claim 1, (N(y1) 2andsoG[A]= Ky4. If ay, 2 E(G), we may assumethat ays 2 E(G).
By Claim 1, (N(b) 2 andsocy,;cys 2 E(G). Sinceds(c) 7, we have cy, 2 E(G)
and soy, is adjacent to d;e;y1;Y2; ¥3. Then either G[A] = K4 or y,y3 2 E(G) (in this case,
we may assumethat ey; 2 E(G). Then G=byi=y1ys=ey; Yy, = Ky ). HenceG[A] = Ky, as
claimed. Sinceeg (N (x);A) 9, there existsavertexy; 2 A sud that ds(y;) 6. Note that
ds(y1) = 5, we havey; 6 y;. By Claim 2, cy, 2 E(G) and soeg(y;;fa;b;d;eg) 3. Since
yie;y.d 2 E(G), let ey ;dyx 2 E(G), wherey;;yx 6 y;. If y; 6 y,, then G=ay=byi=yy; >
K¢ [ K1i. Sowe may assumethat y; = y,. If ay, 2 E(G), then G=by=ayi=y1y; > K¢ [ K.
If ay, 2 E(G), we may assumethat ey, 2 E(G). Then G=eyp=byi=y1yx > K¢ [ Kj.

N

By Claim 1, (N(x)) 2. Hence,by Claim 3 and Claim 4, N (x) is isomorphicto either
Cs or Cs with exactly one chord.

Supposethat N (x) is isomorphicto Cs and N (x) has vertices a;b;c;d and e in order.
By Claim 2, N (x) cortains at most two verticesof degree 6. Supposethat N (x) contains
exactly two verticesof degree 6, say bandd. Then (G=xc¢) 5. SinceG is minor minimal,
we have |Gj = 9, dg(b) = dg(d) = 6, and by Claim 2, dg(v) = 5forany v2 V(G fb;dg),
which cortradicts the fact the number of odd verticesof G is even. This implies that N (x)
cortains at most one vertex of degreegreaterthan v e (we may assumedg(e) 6 if sud a
vertex exists). Thusdg(a) = dg(b) = dg(c) = ds(d) = 5. Let cys;cy, 2 E(G). By Claim 3
and Claim 4, N (c) cortains no subgraphisomorphicto K,3 and K; + (K2 [ K3). Thus by
Claim 1, y1y, 2 E(G). We may assumethat by:;dy, 2 E(G). Then by; dy; cannot be both
in E(G), otherwiseN (c) > K.
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Supposeby,; dy; 2 E(G). Sincedgs(b) = 5,let bys 2 E(G). By Claim 1, ays; yay: 2 E(G).
We claim that dys 2 E(G). Supposedy; 2 E(G). By Claim 1, ysy,;eys 2 E(G). Thus
ds(ys) 6 andsodg(e) = dg(y1) = ds(y2) = 5. If jAj = 3, by Claim 1, ay;; ey, 2 E(G).
Clearly, G=xb=yy, ¢ > Kg. If JAj = 4, then y, is adjacern to a;e;yi;Y.;ys, and so
G=by=ay,;=ysy» Y1 = Kg. This provesthat dy; 2 E(G). Sinceds(d) = 5, let dy, 2 E(G).
Then by Claim 1, eyy; yoy4 2 E(G). If ays 2 E(G), then ds(y4) = 5 and ysy1;yays 2 E(G).
By Claim 1, (N(y4)) 2andsoey;2 E(G). Note that a is adjacen to exactly one vertex
of fy;;¥.9. Now G=ay;=by=cd vy, = Ky if ay; 2 E(G) or G=xc=xe=ay d = Ky if
ay, 2 E(G). This provesthat ay, 2 E(G). By Claim 1, (N(a)) 2 andsoysys2 E(G).
Clearly, y1y4 2 E(G) (otherwise ds(ys) 6 and so by Claim 2, e is adjacen to exactly
oneof y, and y3, sa& y»,. Then dg(ys) = 4, which is a cortradiction). It follows that
ey; 2 E(G) anddg(y1) = 5. By Claim 1, (N(y1) 2, we have ey,;ey; 2 E(G). Now
G=xa=xc=yy; b= Kg.

Supposeby, 2 E(G) but dy; 2 E(G). Sincedg(b) = 5, let by 2 E(G). By Claim 1,
ays; yay1 2 E(G). SupposejAj = 4. Theny, is adjacen to a;e;y;;Y,;ys. Thends(y:) 6.
By Claim 2, dg(Yy2) = ds(y3) = 5. By Claim 1, (N(ys) 2, we have ey,;ey; 2 E(G).
Now G=ab=cy=dy; ys3 = Ks;. Sowe may assumethat jAj = 3. Sincecys; dy; 2 E(G),
it follows that dg(ys) = 5 and ysze;ysy, 2 E(G). By Claim 1, ey, 2 E(G). Note that a
is adjacert to exactly one vertex of y;;y,. Now G=xa=ypys= e = K; if ay; 2 E(G) or
G=xa=yys b= Ky if ay, 2 E(G).

Finally, assumethat dy; 2 E(G) but by, 2 E(G). Sincedg(d) = 5, let dy; 2 E(G). By
Claim 1, eys;y3y, 2 E(G). SupposejAj = 4. Then y, is adjacen to a;e;ys;Y2;ys. Thus
ds(y2) 6. By Claim 1, (N(ys)) 2andsoay; 2 E(G). Sinceds(y2) 6, by Claim
2, y3 is only adjacen to d;e;y,;ys, wWhich cortradicts the fact that dg(y;) 5. Sowe may
assumethat jAj = 3. Sincecys; by 2 E(G), it followsthat dg(y3) = 5andysa;ysy: 2 E(G).
Supposeay; 2 E(G). By Claim 2, e is adjacen to exactly one vertex of y;;y,. Thus
G=xe=ypy;= d = K; if ey1 2 E(G) or G=xe=yy; a = Kg if ey, 2 E(G). Suppose
ay; 2 E(G). Then ey;;ay, 2 E(G). Now G=ay=ey; Y3 = K4 . This completesthe proof
that N (x) is isomorphicto Cs.

It remainsto considerthe casewhen N (x) is isomorphicto Cs with exactly one chord.
We may assumethat E (N (x)) = fab;bc;cd;de;ea;bey. By Claim 2, oneof band e, say €, is
of degreevein G. Let ey; 2 E(G). By Claim 1, (N(e)) 2andsody; 2 E(G). Suppose
ay;; by, 2 E(G). We claim that dg(a) 6. Supposedg(a) = 5. Let ay, 2 E(G). By Claim
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1, (N(a)) 2andsoby;y.y; 2 E(G). It followsthat N(a) > Ky + (K, [ K3), which
cortradicts Claim 4. Hencedg(a) 6, asclaimed. By Claim 1 and Claim 2, dg(b) = 5 and
cy: 2 E(G). But now N (b > K3, which cortradicts Claim 3. This provesthat at most
oneof by;;ay; arein E(G).

Supposeby, 2 E(G) but ay; 2 E(G). If dg(b) = 5, since (N(b) 2,cy; 2 E(G). By
Claim 1, (N(a)) 2. Henceay, 2 E(G), i = 2;3;4, and G[fy,;Ys;Y40] = K3. Sincethere
is no edgebetweenfb;eg and fy,;ys; 40 in G, es(fy2;ys;¥40;fC;d;y1g) 6. Howewer, by
Claim 2, eg(fc;d;y10;fy2;¥3;¥49) 5, which is a cortradiction. So we may assumethat
ds(b) 6. By Claim 2, ds(a) = 5. Let ay,;ay; 2 E(G). By Claim 1, (N(a)) 2 andso
Yoys; by bys 2 E(G). ThenN(a) > K1 + (K, [ K»), which cortradicts Claim 4.

Finally, supposeay; 2 E(G) but by; 2 E(G). We claim that dg(d) 6. Suppose
ds(d) = 5. Let dy, 2 E(G). We may assumethat N(d) 6 Cs. By Claim 1, (N(d)) 2and
S0Y1Y2; Cyi; ¢y, 2 E(G). It followsthat G=ay;=by y3 > K4 if by, 2 E(G) or G=ay,=ey
ys > K if ay, 2 E(G). Sowe may assumethat ay,; by, 2 E(G). Then yays; Yay4 2 E(G).
Sincebyi; by, 2 E(G), we may assumethat bys 2 E(G). Now G=ay;=by=yay, V4= Kg.
This provesthat dg(d) 6. By Claim 2,dg(c) = 5andsodg(b) 6 (otherwise,by symmetry
of band e, ds(c) 6). Now (G=x¢) 5. SinceG is minor minimal, we have jGj = 9.
Let w be the new vertex in G=xc. Then dg=(W) 6. If dg=x(b) 6 or dg=x(d) 6,
s& the latter, then (G=xb dw) 5. By LemmaZ2.3,G=xc> K4 [ K;. It follows that
ds(b) = dg(d) = 6. SincejGj = 9 and the number of odd vertices of G is ewen, there exists
a vertex, say yi, of A sud that dg(y:) 6. Note that dg=x.(y1) 6andy;c2 E(G). Now
yaw 2 E(G=xc) and (G=xc y;w) 5. By LemmaZ2.3,G=xc> Ky [ Kj.

Acknoledgemen t

The author would like to thank Robin Thomasfor his valuable discussionand commerts,
which greatly improved this paper.

References

[1] G. Chen, R. J. Gould, K. Kawarabayashi, F. Pfender, B. Wei, Graph Minors and
linkages,manuscript.

[2] G. A. Dirac, A property of 4-chromatic graphsand someremarkson critical graphs,J.
London Math. Sac. 27 (1952) 85{92.

[3] H. Hadwiger, Uber eineKlassi k ation der Strechenkomplexe, Vierteljschr. Naturforsch.
GesZurich 88 (1943)133{142.

21



[4] I. T. Jakobsen, On certain homomorphism properties of graphs I, Math. Scand. 31
(1972) 379{404.

[5] I. T. Jakobsen,On certain homomorphismproperties of graphsIl, Math. Scand.52
(1983) 229{261.

[6] H. A. Jung, Eine Verallgemeinerungdesn-fachen Zusammenhanggur Graphen, Math.
Ann. 187 (1970) 95{103.

[7] L. K. Jrgensen, Cortractions to Kg, J. Graph Theory 18 (1994) 431{448.

[8] K. Kawarabayashi and B. Toft, Any 7 chromatic graph hasa K; or K44 as a minor,
manuscript.

[9] W. Mader, Homomorphiestze fur Graphen, Math. Ann. 178 (1968) 154{168.

[10] N. Robertson, P. Seymour,R. Thomas, Hadwiger'sconjecturefor K ¢-freegraphs,Com-
binatorica 13 (1993) 279{361.

[11] P. Seymour,Disjoint paths in graphs, Discrete Math. 29 (1980) 293{309.
[12] Z-X Song, The extremal function for K¢ minors, submitted.
[13] C. Thomassen,2-linked graphs, Eur. J. Combinat. 1 (1980) 371{378.

[14] K. Wagner,Uber eine Eigenstaft der ebenenKompleexe,Math. Ann. 114 (1937)570{
590.

22



