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Abstract

A simple graph G is said to have property P; if it contains a complete subgraph of order
k + 1 as its subgraph. A nonincreasing sequence m of n nonnegative integers is potentially
Py-graphic if it is the degree sequence of a graph of order n with property Pr. The degree
sum of a graphic sequence 7 is denoted by o(m). Moreover we denote by o(k,n) the smallest
degree sum such that every positive graphic sequence m with o(m)>a(k,n) is potentially
Pj-graphic. Erdos et al. (Graph Theory, Combinatorics & Applications, Wiley, New York, 1991,
pp. 439—449) conjectured o(k,n) = (k — 1)(2n — k) + 2. In this paper, we determine the values
of a(k,n) for k +1<n<2k + 1. We also prove that ¢(3,n) =4n — 4 for n>=8. In other words,
the Erdos—Jacobson—Lehel conjecture is true for £k =3. (©) 2000 Elsevier Science B.V. All rights
reserved.

1. Introduction

For a nonincreasing sequence n=(d,d>,...,d,) of nonnegative integers, d; <n— 1,
i=1,2,...,n, let f =max{i:d;>i} and o(n) =) ,d;. [ and o(n) are called the
trace and the degree sum of 7, respectively. Define an n x n matrix 4 = (a;;) as follows:
fori=f +1,

g — { 1 if 1<j<d,,
Y71 0 otherwise

and for 1<i</,

_{1 if 1<j<d;+1andj#i,
aij = .
0 otherwise.
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Then the matrix 4 is called the off-diagonal left-most matrix of 7. Clearly, the row and
column sum vectors of 4 are  and 7, the corrected conjugate vector of 7, respectively.
A nonincreasing sequence 7 is graphic if it is the degree sequence of a simple graph G
and G is a realization of n. The following is a criteria for a nonincreasing sequence
being graphic.

Theorem 1.1 (Berge [1]). A nonincreasing sequence n=(d1,d,...,d,) of nonnegative
integers with even sum a(n) and d;<n— 1, i =1,...,n, is graphic if and only if for
each t=1,2,..., f,

t t

DA
i=1 i=1
Let n=(d,,d>,...,d,) be a nonincreasing sequence of nonnegative integers. Denote

’ (d]_1,...,dk71—1,dk+1—1,...,ddk+1—1,ddk+2,...,dn) lfdk>k,
(dy—1yeoydg—Vdaysrs.osdiersdisrse . dy) if dy <k — 1.

Then 7’ is the residual sequence obtained by laying off d; from z. The following is a
famous theorem due to Kleitman and Wang [3].

Theorem 1.2. A sequence w is graphic if and only if 7' is graphic.

According to Erdos et al. [2], a graph G is said to have property P; if G contains
a complete subgraph of order £ + 1 as its subgraph and a sequence n is said to
be potentially Pj;-graphic if = has a realization G with property P;. Moreover, Rao
[4] introduced the definition as follows: Let G be a graph with vertex set V(G) =
{v1,v2,...,0,} and let = = (dy,d>,...,d,} be the degree sequence of G, where d; is
the degree of v;. Then G is said to have property A; if the subgraph induced by
{v1,v2,..., 0441} is complete. A sequence 7 is said to be potentially A;-graphic if it
has a realization having property A;. Rao [4] proved the following

Theorem 1.3. A sequence n is potentially Py-graphic if and only if it is potentially
Ap-graphic.

In [5], Rao gave a criteria for a sequence m to be potentially A4j-graphic. The
following is his result.

Theorem 1.4. Let n=(dy,ds,...,d,) be a sequence of nonnegative integers in which
di=zdy= - =2diy and dyy=dg3= - =d,. Then 7w is potentially Ay-graphic if
and only if the following conditions hold:

(1) dys1 =k and d, =0:

(2) a(n) is even;
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(3) for any s and t, 0<s<k+1, 0<t<n—Fk — 1,

K t k+1
S di+ Y digiy <(s+0(s+1— 1)+ > min{s+t.d; — k+ s}
i=1 j=1 i=s+1

+ Z min{s +¢,d;}.
J=hA2+t

Let us denote by o(k,n) the smallest integer such that every graphic sequence
n = (d,ds,...,d,) with di\=>dr,>--- =2d,>1 and o(n)=0a(k,n) is potentially P-
graphic. In [3], Erdos et al. proposed a problem: Determine the value a(k,n). Using an
example, they pointed out that a(k,n)=(k — 1)(2n — k) + 2 and conjectured that
o(k,n) = (k — 1)(2n — k) + 2. They also proved that the conjecture is true for k£ = 2.
Their result is the following

Theorem 1.5. If n>6 and the graphic sequence n=(di,d>,...,d,) satisfies d| >d,>
-oo=2d, =1 and o(n)=2n, then 7w is potentially P,-graphic. In other words,
a(2,n)=2n for n=6.

The purpose of this paper is to determine the values of a(k,n) for k+1<n<2k+1
and prove that the Erdos—Jacobson—Lehel conjecture is true for k = 3.

2. The value o(k, n) for small n
We first determine the values of o(k,n) for k + 1 <n<2k.

Theorem 2.1. If k + 1<n<2k, then
o(kn)y=(k - 1)2n—k)+(n—k)(n—k—1)+2.

Proof. Suppose that n=(d,d>,...,d,) is a graphic sequence with d; >d, > --- >d, > 1
and o(n)=(k—1)(2n—k)+ (n—k)(n—k—1). Moreover, suppose that G is a realization of
7 and e(G) is the size of G. Then 2e(G)=0c(n) and 2 e(G)=n(n—1)—0o(n)=2(n—k),
where GC is the complementary graph of G. An extremal case is: G is obtained by
deleting a matching with » — k edges from the complete graph K, of order n. Hence
the largest vertex number of independent sets in G is k. In other words the largest
possible clique number of G is k. Clearly, 1<<n — k<k. Hence, there is no complete
subgraph of order £ + 1 in G. Thus o(k,n)=(k—1)2n—k)+(n—k)(n—k —1)+2.

Now suppose that © = (d,d,...,d,) is graphic, where d\>d>,> --- >d,>1 and
o(m)=(k —1)2n —k)+ (n —k)(n —k — 1) + 2. Then every realization G of n is
obtained by removing at most n —k — 1 edges from K,. Hence, the maximal clique of
G has order at least n — (n — k — 1) =k + 1. Thus G has the property Pj. In other
words, o(k,n)<(k—1)2n—k)+(n—k)Y(n—k—-1)+2. O
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Theorem 2.2. If n =2k + 1, then o(k,n)=(k — 1)2n — k) + k(k — 1) + 2.

Proof. Take n = ((n — 3)"), i.e.,, @ consists of n integers n — 3. Clearly, n is graphic
and o(n)=n(n —3)=(k —1)2n — k) + k(k — 1). Let G is a realization of . Then
the degree sequence of the complementary graph G© of G is n° = (2"). Clearly, G©
is the union of disjoint cycles. Since 7 is odd, G¢ has at least an odd cycle. Hence,
any independent vertex set of G¢ has at most k vertices. In other words, the clique in
G has order at most k. Thus 7 is not potentially Pj-graphic.

Now suppose that 7 is graphic and o(n)>(k — 1)(2n — k) + k(k — 1)+ 2. Then any
realization G of 7 has size e(G) = %a(n)} %{(k —1)2n —k)+ k(k — 1)+ 2}. Since
nn—1)—{(k—1)2n—k)+k(k—1)+2} =2(n—1), G is obtained by deleting
at most n — 1 edges from K,,. An extremal case is: these edges form a path of length
n — 1. Thus G contains a complete subgraph of order at least £ + 1. This shows that
7 is potenially Pj-graphic. [J

3. The value ¢(3, n)

Let n =(d),d>,...,d,) be a graphic sequence, n=>8. For any s and ¢, 0<s<4 and
0<t<n —4, let us denote

N t
L= di+ ) diy,
i=1 j=1

4 n
R(s,H)=(s+t)(s+t—1)+ Z min{s + t,d; — 3 + s} + Z min{s + t,d,}.

i=s+1 J=5+t

We first prove the following

Theorem 3.1. Let n = (dy,d3,...,d,) be a graphic sequence, n=8. If di>4 and
n—22dzdy2dys =ds = =dg22dg13= - =d, =3, then n is potentially
Ps3-graphic.

Proof. By Theorem 1.4, we only need to verify that for any s and ¢, 0<s<4 and
0<t<n—4,

L(s,1) <R(s,1). (1)

Clearly, L(s,t)<(s+1?)d; and R(s,t)=(s+¢t)(s+t—1). If d; <s+¢—1, then (1) holds.
Hence, we may assume that d; >s +¢. Then t<d; —s and 0<s<4. We consider the
cases as follows.

Case 1: 3<s<4. In this case, 1<d; —s<d; — 3. Hence, 3<5 +t<d; +2<n
and d3 =dsi; =dg 4. If d3=s+ ¢, then d3 —3 +s5=>2(5+1)+ (s —-3)=s+ 1.
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Hence,
4 di+2
Rs.0) > (s+0(6+1— 1D+ > min{s+6d;—3+s}+ Y min{s+rd;}
i=s+1 J=5+t

=@E+)s+t—D+@=s)s+t)+(d+2—-4—1)(s+1)
=(+)d+1)>(s+t)d =L(s,1).
Ifds<s+t—1, then 3<d3<ds —3+s<(s+1¢)— (4 —s)<s+¢. Moreover, d,>3.
Hence,
Ris,t) Z(s+t)(s+t—-1)+34—-s+n—-4—1)
=@E+t)s+t—1)+3(n—s—1)
Z2n—2)+(s+t—1)(s+1—-2)

N t
>di+dy+(s—2)ds+tds=>> di+ Y dayy=L(s.1).
i=1 j=1
Thus (1) holds for s +t<d; and 3<s<4.
Case 2: 0<s<2. In this case we have t<d| —s<d,. When ¢t =d,, we have s =0
and

4
R(0,dy) > di(dy — 1)+ > (di —3)
i=1

=>d(dy—3)+3d3+3(d, —4)
dy
=d3(dy —3)+3d3=dd3 > Zd4+j =L(0,dy).
j=1
Hence, (1) holds for t =d;. When t =d; — 1, we have 0<s<1, and d; <n — 3 since
dy —1=t<min{d, —s,n — 4}. If s =0, then
4
R(0,dy = 1) = (dy — 1)(d1 —=2)+ Y _(di —=3)+3(n—d, —3)

i=1

=di(d —4)+3d3+2n—-8)+(n—d;—3)
> (dy —4)d3 + 3d3 =(d\ — 1)d3 =2L(0,d, — 1).
If s =1, then

4
R(l,dy = 1) = di(dy — 1)+ Y _(di —2)

i—
=d(d; —1)+3(d3 - 2)

=di+(di— 1)d3 + (d\ —d3)(d1 —2)+2(d3 — 6)
=d +(dy —1)d3=L(1,d, - 1).
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Hence, (1) holds for t =d; — 1.
Now suppose t<d; — 2. Then ¢ + 4<d; + 2. Hence d; = d4 =
= =dg2=2dg+3= - =d,=3. We consider the following subcases.
Subcase 2.1: d3<s+t— 1. From d; — 3 +s>s for 1<i<4, we obtain

Ris,t) Z(s+t)s+t—1)+ (@A —5s)s+3(n—t—4)
=G+ +t—1)+@—s)s+s(n—t—4)
=s(s+t—14+4—s+n—t—-4)+t(s+t—-1)

s t
=s(n—D+ts+t—1)=Y di+ > day;=L(s.1).

i=1 j=1

o =dia

Subcase 2.2: d3=s+t. If d3=t+3, then d; — 3 +s=s+ ¢ for 1 <i<4. Hence,

Ris,t) Z(s+t)s+t—1)+@—s)s+t)+(d1+2—t—4)(s+1)
— (s +0)(d1 + 1) =L(s,0).

Suppose that s + 1<d3<t + 2 and s # 0. Then d; — 3 + s<s + ¢t — 1. Denote
dy=t+ml1<s<m<2. Then s+t=s5s+d3 —m=3 — (m —s). Also d,=23>

3 — (m —s). Hence,

Ris,t) = (s+0)s+t— 1)+ @A —s)ds —3+5)+ @ —m+s)(n—t—4)

=s(n—=2)+tds+(s+)(s+t—1)+ @ —s)d3 —3+5)

+2-—m)(n—t—4)+sn—t—-4)+(n—t—4)—s(n—2)—td;

=s(n—2)+tds+(s+1)s+1—1)+ @B =)t +m—3+s)
+Q-m(n—t—4)+s(n—2—1-2)
+(n—t—4)—t(t+m)—s(n—-2)

=s(n—2)+1tds+ B —m)n—8)+ (4 —m)s

> s(n —2) + tdy = L(s, ).

Finally suppose s = 0 and 1<d3;<t + 2. Denote d3 =t + m, 0<m<2. Since

t=d3s—m=3—-—m, d, 2323 —m,and d3 —3 =t — (3 —m)<t, we have
RO,))=2t(t—1)+4(¢-=3+m)+GB—m)(n—t—4)
=tt+m)+ 3 —m)n—8)=td; =L(0,t).
Thus (1) holds for t<d; —2. [

Theorem 3.2. ¢(3,8)=28.

Proof. As Erdos et al. pointed out that ¢(3,8)>(3 —1)(16—3)+2=28, we only need
to prove that, if n = (dy,d>,...,d,) is graphic, d|>d, > --- =2dg>1 and o(m) =28,

then 7 is potentially P;-graphic.
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First we have d| >4 since 8d; >0 (n)>28. Next, if d4 <2, then by the off-diagonal
left-most matrix 4 of 7, we have d3 <2. Clearly d, =7, d» <7, hence d| +d, +d3 <16.
On the other hand, 28 <a(n)<d|+dy+ds+5x2. Hence, d| +d, +d3 =18 > 16>
d| +d, +d3. By Theorem 1.1, 7 is not graphic, a contradiction. Thus d4>3. Moreover,
if dg = 1, then by the off-diagonal left-most matrix 4 of 7, we have dy =7 andd; <4
for 2<i<5. Hence, d, +d» + - - - +d_5 <23. But 28<a(n)=d| +d, +---+ds + 3.
Hence, d| + ds + -+ +ds>25>23>d| +d> + - - - +ds. By Theorem 1.1, 7 is not
graphic, a contradiction. Therefore, dg=2.

Let o’ =(dy — 1,....d4,+1 — 1,dg,12,-..,dg) be the residual sequence obtained by
laying off d; from n. If #’ contains zero terms, then 6 <d; <7 and 7’ has at least 5
non-zero terms since dg=>2. If ©’ has at least 6 non-zero terms, then from Theorem 1.5,
we have ¢(2,6) < 6(2,7) = 14. Notice that o(n') = o(n) — 2d; =28 — 14 = 14 =
a(2,7) > 0(2,6). By Theorem 1.5, ’ is potentially P,-graphic, thereby = is potentially
P5-graphic. If 7’ contains exactly 5 non-zero terms, then d; =7 and d¢ > d7=dg=1.
From the off-diagonal left-most matrix of 7, we get 4<d, <5. If d, =5, then laying
off d, from 7 we know 7 is potentially P;-graphic. Assume d, = 4. Then n must be
(7',4%,31,12). 1t is easy to check that m = (7',4% 3!,1%) is potentially P3-graphic.

Now suppose that 7’ is positive. Then o(n') = o(n) — 2d; >14 = ¢(2,7). From
Theorems 1.5 and 1.3, 7’ is potentially A,-graphic. If there exists an integer ¢, 4 <t <
di 4+ 1 such that d; > d;., then 7 is potentially A3-graphic. Hence we may assume
that

dizdyzdszdy = =dgp=2dg 32 - 2ds.

If d3 > d4, then the residual sequence obtained by laying off d;., =1 from 7 is
TEN:(dl —l,dz—1,...,d1—1,d1+1,...,ddl+1,d51]+3,...,dg) and 0'(7'5//):0'(7[)—212 14=
a(2,7). By Theorems 1.5 and 1.3, 7’ is potentially 4,-graphic, thereby = is potentially
As-graphic. Hence we may assume that

dizdyzds=ds=---=dg2=2dg 3= - 2ds.

If dg >3, then by Theorem 3.1, 7 is potentially P;-graphic. Hence assume 1 <dg<2.

If 6<d; <7, then d4y =--- =dg>3, a contradicition. Therefore 4<d; <5. If dg =2,
then 28 <a(m)<2d| + 5d; + dg <12 + 5d3. Hence d3>4. If d3 =5, then d, =--- =
d3=---=d7;=5. But n=(5",2") is not graphic. Hence d3 =4. It is easy to determine

that 7 is one of (5%2,4°,2"),(47,2!) and (4%,22). Fig. 1 shows that these sequences are
potentially Pj3-graphic. If dg = 1, then 28 <o (m)<2d; + 5d3 + dg <11 + 5d3. Hence,
dz>=4. If d3; =35, then n:(57, 1Y). If d3=4, then 7 is one of (5',4°,1') and (46,31, 11).
It is easy to see that m is potentially ps;-graphic (Fig. 2). O

Theorem 3.3. If n>8, then 6(3,n)=4n — 4.

Proof. It is enough to prove that, if the graphic sequence © = (d1,d>,...,d,) satisfies
di=zdy=---=2d,>1 and o(n)=4n — 4, then © is potentially P;-graphic. For this
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(5%,4%,2") (47,2 (4%,2%)
[
Fig. 1.
(5'7’]1) (51,46)11) (46,31’11)
[
Fig. 2.

reason, we use induction on n. By Theorem 3.2, the conclusion holds for n = 8.
Now suppose n > 8. Since 4n — 4<o(n)<nd;, we have 4<d, <n— 1. If d, =1,
then n’ = (dy — 1,d,,...,d,_1) is graphic and o(n’)>4(n — 1) — 4. By induction
hypothesis, 7’ is potentially Ps;-graphic. Hence, = is potentially P;-graphic. Similarly,
7 is also potentially Ps-graphic if d, = 2. Hence, we assume d,>3. If d; =n — 1,
then 7’ =(dy — 1,ds — 1,...,d, — 1) is graphic and d) — 1=>d3 — 1> --- =d, — 1 =2
and o(n’)>=2(n—1), n > 8. By Theorem 1.5, ’ is potentially P,-graphic. Hence, 7 is
potentially Ps-graphic. So we may assume d; <n — 2. Then the residual sequence after
laying off d; from n is ' =(d2—1,d5—1,...,d4,+1 —1,d4,+2,...,dy). Clearly a(n')=
o(n)—2d;=22(n—1)=0(2,n—1). If there exists an integer ¢, 4<t<d; + 1, such that
d; > d, 1, then 7 is potentially Ps-graphic. Hence, we assume n—2>d| >d, >d; >ds=
o =dg2=2dg 3= - =d, =3, If d3 > dy, then the residual sequence after laying
off dd1+2 =1 from 7 is = (d] — l,dz — 1,...,d1 - 1,d1+15~~~5dd|+1,dd|+3,---,dn)-
Since o(n')=0a(n) —21=2(n—1)=0(2,n— 1),7’ is potentially A4,-graphic. Hence, n
is potentially As-graphic. So we may further assume that

n—2zdiz2dyzdy=dy=---=dg22d4, 3= - 2d,23.

By Theorem 3.1, n is potentially Ps-graphic. [J
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