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Abstract 

A nonincreasing sequence n of  n nonnegative integers is said to be graphic if  it is the degree 
sequence of  a simple graph G of order n and G is called a realization of n. A graph G of 
order n is said to have property P,  if  it contains a clique of size k as a subgraph. An n-term 
graphic sequence n is said to be potentially (res. forcibly)Pk-graphic if  it has a realization 
having (res. all its realizations have) property Pk. It is well known that, if  tk L(n) is the Tur~in 
number, then tk-~(n) is the smallest number such that each graph G of order n with edge number 
g(G)>~t,_l(n) + 1 has property P,.  The Tur~in theorem states that t , - i (n)  = ('~) - t(n - k + 
1 - r)/2, where n = t(k - 1) + r,0 ~< r < k - 1. In terms of  graphic sequences, 2(tk-i(n) + 1) 
is the smallest even number such that each graphic sequence n = (dl ,d2, . . . ,d , , )  with tr(n) = 
dl + d2 + . . .  + d,, >t 2 ( t , - l ( n ) +  1) is forcibly Pk-graphic. In 1991, Erd6s et al. [1] considered 
a variation of  this classical extremal problem: determine the smallest even number a(k,n) such 
that each graphic sequence n = (d l ,d2 , . . .  ,dn) with dl >~d2 ~> . . -  ~>dn t> 1 and a(n)>~a(k,n) is 
potentially P k -  graphic. They gave a lower bound of  a(k,n), i.e., a(k ,n )> . . . ( k -2 ) (2n-k+ 1)+2  
and conjectured that the lower bound is the exact value of  a(k,n). In this paper, we prove the 
upper bound a(k,n)<-..2n(k - 2) + 2 for n>j2k - 1. @ 1999 Elsevier Science B.V. All rights 
reserved 

I. Introduction 

Let  n ----- ( d l , d 2  . . . . .  dn) be a nonincreasing sequence o f  n nonnegat ive  integers, n 

is said to be a graphic sequence i f  it is the degree sequence o f  a s imple  graph G o f  

order  n and such graph is referred to a real izat ion o f  n. A graph G is said to have 

proper ty  Pk i f  it contains a comple te  subgraph Ks o f  order  k. A graphic sequence n is 
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potentially (res. forcibly) Pk-graphic if it has a realization G having property Pk (res. 

all its realizations have property Pk). For a given graphic sequence n = ( d l ,  d2, . . . ,  dn), 

the degree sum of ~ is denoted by tr(~), i.e., tr(rt) = dl + d2 ÷ " "  ÷ dn. 
Extremal graph theory is considered to have begun in 1941 when Tur~in proposed 

and then solved the following problem: For given positive integers k and n, determine 

the smallest edge number t k - l ( n ) +  1 such that every graph G of order n with edge 

number e(G)>>.tk_l(n)+ 1 has property Pk. The number tk - l (n)  is called the Turfin 
number. The Turfin Theorem states that tk-l(n) = (~) -- t(n -- k + l + r)/2, where 

n = t ( k -  1 ) +  r,O<~r < k -  1. In terms of graphic sequences, 2 ( tk_ l (n)+  1) is the 

smallest even number such that each n-term graphic sequence n = (d l, d2 . . . . .  d , )  with 
degree sum tr(lz)t> 2 ( tk - l (n )+  1) is forcibly Pk-graphic. In [1 ], Erd6s et al. considered 

a variation of this extremal problem, and raised the following problem: determine 

the smallest degree sum a(k, n) so that each graphic sequence it = ( d l ,  d2 . . . . .  dn) with 
dl ~>d2 >~ . . .  ~>d,/> 1 and tr(Tt)>>.tr(k,n) is potentially Pk-graphic. By an example, they 

proved that a(k,n)>>.(k - 2)(2n - k + 1) + 2, and asked whether the lower bound is 
the exact value of tr(k,n). They proved that this is true for k = 3, viz, a(3,n) = 2n, 

for n~>6. Their result can be stated as follows: 

Theorem 1.1. I f  n>~6 and the 9raphic sequence ~ = (dl ,d2 . . . . .  dn) satisfies dl >>- 
d2 > . . . .  >~dn~l and tr(Tz)>~2n, then ~ is potentially P3-graphic. In other words, 

tr(3,n) -- 2n for  n>~6. 

Recently, Li and Song [4] and Gould et al. [2] have proved independently that 
a(4,n) = 4n - 4 for n~>8. Li and Song [5] further proved that a(5,n) = 6n - 10 for 

n~> 10. In other words, the lower bound is the exact value of a(k,n)  for k = 4,5. 

At the end of [2], Gould et al. pointed out that as a weakening of  this (conjecture), 

it would be nice to see that for n sufficiently large, this number (i.e., ~r(k,n)) is 
linear in n, explaning the difference between this value and ex(Kk, n) (i.e., the number 
2(tk-l(n) + 1)). In this paper, we will give an upper bound for cr(k,n) as follows: 
I f  k~>3, then a(k,n)<<.2n(k-  2 ) +  2 for n > ~ 2 k -  1. It is easy to see that, for given 

k~>3, this upper bound of tr(k,n) is linear in n, and the number ex(Kk, n) = n ( n -  1 ) -  
t ( n - k +  1 - r ) + 2  where n = t ( k -  1 ) + r ,  0~<r < k -  1, is nonlinear in n. Moreover, 

clearly, 

lim { 2 n ( k - 2 ) + 2 } - { ( k - 2 ) ( 2 n - k + l ) + 2 }  = 0 .  
, ~  (k - 2)(2n - k + 1) + 2 

To prove our main theorem, we need the following results. 
For a nonincreasing sequence of n nonnegative integers, denote 

, =  [ ( d l -  1 . . . . .  dk-1 -- 1,dk+l -- 1 . . . . .  dak+l -- 1,dak+2 . . . . .  dn) if dk>~k, 

t (dl 1, ,dak -- 1,dak+l . . . . .  dk-l ,dk+l  . . . . .  d,,) if  d,~ <~k -  1. 

Then 7r ~ is the residual sequence obtained by laying off dk from n. The following is a 
theorem due to Kleitman and Wang [3]. 
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Theorem 1.2. A sequence n is graphic if  and only i f  n' is graphic. 

Let G be a graph with vertex set V(G) = { v | , v 2  . . . . .  Vn} and let n = (dl,d2 . . . . .  
d , )  be the degree sequence o f  G, where di is the degree of  vi and n is not nec- 

essarily nonincreasing. We say that G has property At if the subgraph induced by 

V = {vl,v2 . . . . .  vt} is Kk. An n-term (not necessarily nonincreasing) sequence n is 

said to be potentially At-graphic if it is the degree sequence o f  a graph G of  order n 

having property Ak. Rao [6] proved the following: 

Theorem 1.3. A nonincreasing sequence n of  n nonnegative integers is potentially 
Pk-graphic if  and only i f  n is potentially At-graphic. 

Rao [7] further gave the following criteria for a sequence n to be potentially Ak- 
graphic. 

Theorem 1.4. Let n = (dl ,d2 . . . . .  d, )  be a sequence of  n nonnegative integers in 
which dl >~d2 >1... >~dk and dk+l >~dk+2 >~... >~d,. Then n is potentially Ak-graphic 
if and only i f  the following conditions hold: 

(1) d t > ~ k -  1; 

(2) a(n) is even; 
( 3 ) f o r  any integers s and t, O<~s<~k,O<~t<~n- k, 

d t t E g + ~ d k + i < < - ( s + t ) ( s + t - 1 ) +  E min{s+t ,  d g + s - k + l }  
i=1 .j--I i=s+l  

+ ~ m i n { s +  t,d/}. 
j -k+ I +t 

2. Main result 

We first prove the following: 

Theorem 2.1. I f  n = 2k - 1,k>~3, then a(k,n) = 2n(k - 2) + 2. 

Proof.  Put n = ((n - 3)~), i.e., n consists of  n integers n - 3. Clearly, n is graphic 

and a(n) = n(n - 3 )  = 2 n ( k -  2 ) + 2 .  Assume G is a realization of  n. Then the degree 
sequence o f  the complementary graph G c of  G is n c = (2 n). Clearly, G c is the union 

of  disjoint cycles. Since n is odd, G c has at least an odd cycle. Hence any independent 

vertex set o f  G c has at least k -  1 vertices. In other words, the clique in G has at most 
k - 1 vertices. Hence n is not potentially Pk-graphic. Thus tr(k,n)>~2n(k - 2) + 2. 

Now, suppose that n = (dr,d2 . . . .  ,dn) is graphic and a(n)>~2n(k -2 )+2 .  Then any 
realization G of  n has at least a(n) /2>~n(k-  2 ) +  1 edges. Hence its complementary 
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graph G c has at most (2)  - n(k - 2) - 1 = n - 1 = 2k - 2 edges. Assume that G 

is a realization o f  rc such that G c has a minimum number o f  connected components 

and S1,S2, . . . ,St  are all connected components o f  G c. Taking one vertex from each 

connected components o f  G c, we obtain an independent set o f  t vertices in G ¢. Hence 

G has a clique o f  size t as a subgraph. I f  t/>k, then lr is potentially Pk-graphic. So 

we may assume t < k. Then G c has at least one nontrivial component. We consider 
the following cases: 

Case 1: G c has at least two nontrivial components. Let S1 and $2 be nontrivial 

components of  G ~, and let XlYl and x2y2 be the edges o f  S, and $2, respectively. The 

graph obtained by deleting Xl yl and x2y2 from G c and then adding the edges XlX2 and 

yly2 is denoted by G tc. Clearly G r = (GrC) ~ is a realization o f  zr, and the number o f  

components o f  G c and G re are the same. This shows that xgyi is a bridge o f  Si, for 

i = 1,2. Thus each nontrivial component o f  G c is a tree, Therefore, G c is a forest. 

Hence G c has an independent set with [(2k - 1)/2] -- k vertices.Thus, G has a clique 

o f  size k as a subgraph. In other words, rr is potentially Pk-graphic. 

Case 2: G c has just one nontrivial component. Assume that Sl is a nontrivial com- 

ponent with nl vertices and $2 . . . . .  St are all remained components, where t < k. Then 

nl = 2k - t>>.k + 1 and Sl has at most 2k - 2 edges. Let T be a spanning tree 

of  S, and let SI \T  be the graph obtained by deleting all edges of  T from Sl. Then 

e(Sl\Tl)  : e ( S l ) -  e(Tl)<~2k-  2 -  ( n l  - 1 ) =  t -  1, where e(G) is the edge number 

o f  G. Consider the bipartition II1 t5 V2 = V(T) = V(S1 ) of  the spanning tree T. Let 

Si = I{xy ~ SI\T: x , y  E V/}]. Then s I ÷ S  2 = e(S1\T)<<.t- 1. Obviously, Vi contains an 

independent set Ai of  Sl with 1.4il >~lvil-si for i = 1, 2. Indeed, from every vertex o f  Vi 
not in a maximum independent set Ai C Vi, there is an edge to Ai, hence I vi\,4il ~si, or 

equivalently, IAil >~lV~l-s, follows. Hence ]A~ I+IA21 ~> I V(S l ) l - ( s l  +s2)  ~ n l - ( t -  1) = 
2 k - 2 t +  1. In other words, G c has an independent set with ( 2 k - 2 t +  1 ) + ( t - 1 )  = 2 k - t  

vertices. Because 2k - t/> k + 1, G has a clique o f  size k + 1 as a subgraph. Thus 7r 
is potentially Pk-graphic .  

This shows that a(k,n)<<.2n(k- 2 ) +  2. The proof is completed. [] 

Let 7t = (dl,d2 . . . . .  d , )  be a graphic sequence, where dl>~d2>~ . . .  >~dn>>.l and 

n>>.2k. For any given integers s and t, O<~s<<.k and O<~t<~n- k, let us denote 

s t 

L(s, t) = ~ di + ~ dk+j 
i=1 j=l 

and 

k 
R ( s , t ) = ( s + t ) ( s + t - 1 ) +  ~ min{s+t ,  d i + s - k + l }  

i=s+ I 

+ ~ m i n { s + t ,  dj}. 
j=k+l+t 

We now prove the following: 
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Theorem 2.2. Let  n>~2k and let 7t = (dl ,d2 . . . . .  dn) be a 9raphic sequence. I f  

n - 2~>dl >~d2 ~> " . '  >~dk-1 = dk . . . . .  dd,+2 ~dd,+3 >~ ""  >~d,,>~k - 1, 

then ~t is potentially Pk-yraphic. 

Proof.  It is enough to verify by Theorem 1.4 that, for any integers s and t, O<~s<~k 
and O<~t<~n - k, R(s,t)>~L(s,t).  We consider two cases as follows. 

Case 1: dk- i  ~ s  ÷ t - 1. 

I f  s > ~ k -  1, then d i + s - k +  l>~(dk_l - k +  1 ) + s > > - s > ~ k -  1, for l<~i<~k. 

Hence m i n { s + t ,  d i + s - k +  1}>~s>~k- 1 for s +  l<~i<~k. In addition, s + t  > 

d k - l > ~ . . . > ~ d , > ~ k - 1 .  So we have 

R(s , t )  >~ (s + t)(s + t -  1 ) +  (k - s)(k  - 1) + (n - k -  t )(k - 1) 

- - - ( k - 2 ) ( n - 2 ) + ( s + t - k + 2 ) ( s + t -  1 ) + ( n + k - s - t )  

>~ ( k -  2 ) ( n -  2) + ( s -  k + 2)(s + t -  1) + t(s + t -  1) 

~> ( k - 2 ) d l  + ( s - k  + 2)dk- i  + tdk-i  

>~ L(s, t). 

If  s<~k - 2, then di + s - k + 1 >~(dk-i - k + 1) + s>~s for 1 <~i<~k + 1. Moreover, 

s + t  > d k - l ~ > . . . > ~ k - 1  > s .  Hence, 

R(s , t )  >~ (s + t)(s + t - 1) + (k - s)s + (n - k - t)s 

= s ( n - 1 ) +  t(s + t - 1 )  

> sdl + td~_l 

>~ L(s, t) .  

Thus, L(s,t)<~R(s,t)  for dk- i  <~s + t - 1. 

Case 2: dk_ l >~ s + t. 

I f  de - l  >/ t  + k - 1, then 

dk-1 = de . . . . .  dt+k+l . . . . .  dd,+2 >~s + t. 

Moreover, dr + s - k  + l >~dk-i + s -  k + l >~s + t for l ~i<~k. Hence, 

k d~+2 
R ( s , t ) > > . ( s + t ) ( s + t - 1 ) +  ~ m i n { s + t , & + s - k + l } +  ~ m i n { s + t ,  d j }  

i = s +  1 . j = k +  1 + t  

= (s + t ) ( s ÷  t -  1) + ( k - s ) ( s  + t) + ( d l +  2 -  k -  t ) ( s +  t) 

= (s + t)(dl + 1) > (s + t)dl 

>1 L(s, t). 
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Now assume that s + t <<.dk_l <~t + k - 2 .  Then  s<~k - 2  and dk-1 + s - k +  1 <<.(t + 

k - 2 ) + ( s - k + l ) ~ < s + t -  1. In addition, d k _ l + s - k + l ~ < d i + s - k + l  for 

l<~i<~k. Hence,  m i n { s + t ,  d i + s - k +  1}~>dk_l + s - k +  1 for l<~i<~k+ 1. Denote 

dk-1 = t + m ,  where O<~s<<.m<~k - 2. Then s +  t = d k - i  -- (m - s)>~k - 1 - ( m - s ) .  

Also, d ,  >~k - 1 ~>k - 1 - (m - s).  Therefore, 

R ( s , t )  >f (s + t)(s  + t - 1 ) + ( k - s ) ( d k _ l  + s - k +  1) 

+ ( k  - 1 - m + s)(n - k - t )  

s(n - 2) + tdk- l  + (k - 1 - m)(n  - 2k)  + s(k  - m)  

s(n - 2) + tdk- i  

sdl + tdk- i  

L(s,  t). 

~> 

f> 

~> 

This shows that L(s , t )<~R(s , t )  holds for d k - l  ~>s + t. 

The fol lowing is our  ma in  result. 

[] 

Theo rem 2.3. I f  k>>.3,n>>.2k- 1 and re = (d l , d2  . . . . .  d , )  is a 9raphic sequence which 

has no zero term and  satisfies a ( r e ) ~ > 2 n ( k -  2 ) +  2, then re is potent ia l ly  Pk-graphic. 

In other words, i f  k>>.3, then a ( k , n ) < < . 2 n ( k - 2 ) +  2 f o r  n>>.2k-  1. 

Proof .  We  use induct ion on k. I f  k = 3, then by  Theorems 2.1 and 1.1, the conclus ion 

holds. Now suppose k > 3 and the conclus ion on  k - 1 holds for n ~>2k - 3. We  

will  prove by induct ion on n that the conclus ion holds for k. By Theorem 2.1, the 

conclus ion on k holds for n = 2k - 1. Let n ~> 2k and assume that the conclus ion on k 

holds for n - 1 and 7z = (d l ,d2  . . . . .  d , )  is a graphic sequence without  zero term and 

a(re)~>2n(k - 2)  + 2. I f  dn ~<k - 2, then by  Theorem 1.2, 

n '  = (dl  - 1,d2 - 1 , ' " , d a .  - 1 , d a . + z , ' " , d n - I )  

is graphic and has no zero term. Since 

a ( x ' )  = a(re) - 2dn >~ 2n(k  - 2)  + 2 - 2(k - 2)  

= 2(n - 1)(k - 2)  + 2, 

re' is potent ial ly Pk-graphic by  induct ion on n. Hence  re is potent ial ly Pk-graphic.  So 

we may  assume dn ~ > k -  1. Denote  

re" = (d2 - 1,d3 - 1 . . . . .  da,+l - 1,da,+2 . . . . .  dn). 

I f  dl  = n - l ,  then 

a(rc") = a(re) - 2(n  - 1)~>2n(k - 3)  + 4. 
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By induction on k, 7r" is potentially Pk-l-graphic. Hence, ~z is potentially Pk-graphic. 

So we may assume that d l  ~ < n -  2. If  there exists an integer t, k ~<t ~<dl q- 1, such that 

dt > dr+l, then the k - 1 largest numbers in 7t" is in front o f  term da~+l.  Since 

a(Tr")  = a ( r t )  - 2 d l  >1 2 n ( k  - 2) + 2 - 2(n - 2) 

> / 2 ( n -  1 ) ( k -  3) + 2, 

we have by induction on k that zt '/ is potentially Pk-i-graphic. By Theorem 1.3, ~z" is 

potentially Ak_~-graphic. Hence ~t is potentially Pk-graphic. So we may assume that 

n -  2~>dl ~>d2~ > - . .  >~dk = d,+l . . . . .  d,6+2>~da,+3>~ . . .  >~dn>~k - 1. 

I f  dk-1 > dk, then 1 --- da,+2 ~<dl - 1, and by Theorem 1.2, 

7r"' = ( d l  - 1,d2 - 1 . . . . .  d / -  1,d/+l . . . . .  d , t ,+ l ,d j~+3  . . . . .  d n )  

is a positive degree sequence with 

a ( ~ " ' )  - -  a(Tz) - 2 l  >1 2 n ( k  - 2) + 2 - 2(n - 2) 

~> 2 ( n -  1 ) ( k -  3) + 2. 

Therefore, 7z'" is potentially Pk_l-graphic by induction on k. By Theorem 1.3, rr'" is 

potentially Ak-graphic. Consequently, zr is potentially Pk-graphic. So we may assume 
that 

n - 2 >~dl ~>d2 ~> • • • >~dk-i = dk . . . . .  dd,+2 >/dd,+3/> " ' " >~dn ~>k - 1. 

By Theorem 2.2, 7r is potentially Pk- graphic. [5 
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