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Abstract

The core G of a graph G is the subgraphof G induced by the vertices of degree
( G). In this paper, we show that if G is a connectedgraphwith ( G ) 2and =
( G %(jGj 1), then G is of class2 if and only if G is overfull. Our result covers Hilton
and Zhao'sresult [7].

1. Intro duction

Throughout this paper, all graphswe deal with are nite, simple, and undirected. We
useV(G), jGj, E(G), &G), ( G), and (G) to denoterespectively the vertex set, order,
edgeset, size,maximum degree,and minimum degreeof a graph G. We alsouseK ,, O,,, C,,,
G[ H, and rG to denoterespectively the completegraph of order n, null graph of order n,
cycle of order n, union of two vertex-disjoint graphsG and H, and vertex-disjoirt union of r
copiesof agraph G. The join G+ H of two vertex-disjoint graphsG andH is the graph with
the vertexsetV(G)[ V(H) and edgesetE(G)[ E(H)[ fxyjx 2 V(G);y 2 V(H)g. Vertices
of maximum degreein G are called major vertices and others are called minor vertices If
X 2 V(G), we use Ng(x) (or simply N(x)) to denote the neighborhood of x, dg(x) (or
simply d(x)) the degreeof x, and d (x) the number of major vertices of G adjacert to x.
Let N[x] = N(X)[ fxg. If A V(G), weuseG A (or simply G x if A = fxg) to
denotethe graph obtained by deleting the set of verticesA from G, and useG[A] (or simply
G[x1; X2, ;Xk] If A = fXq1;Xe;  ;XkQ) to denotethe subgraphof G inducedby A. If A
and B are disjoint subsetsof V(G), we useeg(A; B) (or simply es(x;B) if A = fxg) to
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denotethe number of edgesjoining A with B. If F  E(G), weuseG F to denotethe
graph obtained by deleting F from G.

An edge-oloring of agraphGisamap :E(G)! C, whereC is a set of colors, sut
that (e) 6 (f)if eandf areadjacen. The chromatic index {G) of G is the leastvalue
of jCj for which an edge-coloring : E(G) ! C exists. A well-known theorem of Vizing [13]
statesthat, for any graph G, ( G) YG) ( G)+ 1. A graph G is said to be of class
i, i=1,2 if 9G) = ( G)+i 1. If Gis aconnectedclass2 graph with ( G) = and

YG € < 9G) for eath edgee 2 E(G), then G is saidto be -critical. A graph G is
overfull if (G) ( G)j%j + 1. It is easyto seethat if G is overfull, then G is of class2.

The core G of a graph G is the subgraphof G induced by the major vertices of G.
Fournier [6] shaved that if G is a forest, then G is of class1 (this result alsofollows easily
by Vizing's original coloring argumen [13] or from the Vizing's Adjacency Lemma [14]).
Thusif G is of class2, then its coremust cortain cycles. The simplestnon-trivial casewhen
G cortains cyclesis that G consistsof vertex-disjoirt cycles. Hilton and Zhao [7,8,9]
consideredthis caseand proved the following results.

Theorem A. SupmseG is a connected graphwith ( G ) 2 and %(jGj + 3). Then
G is of class2 if and only if G is overfull.

Theorem B. SupmwseG is a connected graphwith ( G ) 2 and jGj jG j+ L
Then G is of class2 if and only if G is overfull.

Let P bethe graph obtained from the Petersengraph by removing one vertex.

Theorem C. SupmwseG is a connected graph suchthat G6 P, ( G ) 2, and
jGj ]G j. Then G is of class2 if and only if G is overfull.

Theorem D. Let G be a connected graphsuchthat Gé6 P, ( G ) 2, and

2k?+ 2k+ 4 if jG] is even

G g2y ix+16  if jGj is odd

wheek O0.If =G jG | k k+5 thenG is ofclass2 if andonly if G is overfull.

In this paper, we shall rst improve TheoremA by retaining the result but lowering the
lower bound for  from %(jGj + 3) to %(jGj 1) (see Theorem 3.3) and then show that
Theorem B and Theorem C follow immediately from this improvemen. We nally con ne
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ourselhesto the family of graphs H which are not odd cyclesand with ( H ) 2. By
deriving information on ( H) when H is either overfull or of class2, we ewentually show
that any graph G which satis es the assumption stated in Theorem D or the inequalities

that ( G ) 2and'®! ( G)<'®2 cannewr be of class2.

2. Some useful results

In this section, we state without proof somebasic results on -critical graphs, which
shall be usedin the sequel. Proofs of the rst four lemmascan be found, for instance, in
[16]. Alternativ e/shorter proofs of Lemma 2.8, Lemma2.9 and Lemma 2.10,and a proof of
Lemma2.13can be found in [15].

Lemma 2.1 (Vizing [13]). For any graphG, 4G) ( G)+ 1

Lemma 2.2 (Vizing's Adjacency Lemma (VAL) [14]). SupmseG isa -critical graph
andvw 2 E(G), where d(v) = k. Then

@) d (w) k+1if k<
(i) d (w) 2ifk= ;
(i) jG j maxf3; (G) + 2g.

Lemma 2.3 (Vizing [13]). Let G be a class2 graph. Then G contains a k-critic al sulgraph
for each k satisfying2 k ( G).

" jGj 1
Lemma 2.4. Let G bea -critical graph. Then e(G) ”T + 1
Lemma 2.5 (Chet wynd and Hilton [2]). Let G be a graphandlet u2 V(G) suchthat
du LIf (G u=(G),then G u)= YG).

Lemma 2.6 (Chet wynd and Hilton [2]). Let G be a graphandlet uv = e2 E(G) such
thatd (uU)+dv) (G).If (G €= (G),then (G ¢ = {G).

Lemma 2.7 (Hilton and Zhao [7]). Let G be a connected class2 graphwith ( G ) 2
Then

(i) Gis -critical,
(i) (G)=2
@) (G) = 1 unlessG is an odd cycle.



Lemma 2.8 (Chet wynd and Hilton [2]). Let G be a connected graph of order n with
= ( G) 3. SupwsejG j= 3. ThenGisofclass2if andonlyif G= (n 2)" 3(n 1)°
(and thus n is odd).

Lemma 2.9 (Chet wynd and Hilton [4]). There doesnot existany -critical graph G of
evenorder with |G | = 4.

Lemma 2.10 (Chet wynd and Hilton [4]). Let G bea -critical graph of order 2n + 1
with jG | = 4. Then either

(i G=(@2n 2> 3@2n 1*or (i) G=(2n 2)2n 1) 4(2n)*.
In particular, e(G) = n + 1.

Lemma 2.11 (Song and Yap [11]). There dcesnot existany -critical graph G of even
order with |G j = 5.

Lemma 2.12 (Song [10]). Let G be a -critical graph of order 2n + 1 with jG j = 5.
Thene(G)=n + 1.

Let Js be a graph of order s and Gy = Js + Os,2, and let GJ be a spanningsubgraphof
Go sud that ead vertex of O, IS joined to at leasts 1 verticesof Jg and at least one
vertex of Os, is joined to exactly s 1 verticesof Js.

Lemma 2.13 (Yap and Song [15]). A connected graph G of order 2n hasa 1-factor if
) (G n 1exeptwhenG = Gy;
(i) (G)=n 2exeptwhenG= G§or G= 3Kz+ Kj.
Lemma 2.14 (Tutte [12]). A graphG hasa 1-factorif andonlyif o(G S) |Sj for
all S V(G), wheeo(G S) is the numter of odd compnentsof G S.
3. Main results

We shall establishour main resultsin this section. First of all, we shall prove two lemmas,
wherethe rst oneis an extensionof Lemma2.13.

Let G3°denotea spanningsubgraphof G, sud that ead vertex of Os,, is adjacert to at
leasts 2 verticesof Js. Let H be a spanningsubgraphof Og.4 + Js sud that ead vertex
of Os.4 is adjacert to at leasts 1 verticesof Js. Let J2 be a connectedgraph of order s.
Let H be a spanningsubgraphof (Os.1 [ JJ) + Js sud that ead vertex of Os.; is adjacert



to at leasts 1 verticesof Js and ead vertex of JJ is adjacent to at leasts 3 vertices of
Js.

Lemma 3.1. Let G be a connected graph of order 2n with (G) = n 3 1. Then G has
a 1-factor exept whenG 2 fG9H;HC% Ogi6 + Js;3K3 + Ky; 4K 3 + J5;3Ks + Kyg or G is
a connected spanning sulgraph of somegraphin 3Kz + K1;(2K3[ J9) + K1;(Oss3 [ JJ) +
Js;(Ose1 [ 3D + Js; (Os[ I I + Js0.

Pro of. SupposeG hasno 1-factor. Then by Lemma2.14,there existsS V(G) sud that
oG S)>jSj=s 1. SincejGjisewn,o(G S) and|Sj have the sameparity. Thus
oG S) s+ 2andso

s+ (s+2) s+0oG S) |Gj=2n: (1)

It followsthat n s+ 1. Supposen = s+ 1. By (1), oG S)= s+ 2,andsoG = Gy
Supposen = s+ 2. By (1) again, eithero(G S)=s+4o0roG S)= s+ 2,andso
G 2 fH;H%Y. Supposen = s+ 3. Thenby (1), oG S)=s+6,0G S)=s+4
oro(G S)=s+ 2 andsoG = Osg + Js Or G is a connectedspanning subgraph of
(Ossz [ I+ Js, (Ose1 [ I + s, or (Os[ II[ I + IT, whereead vertex in O,z ; Oss1 ; Os
is adjacert to ewery vertex in Js and eat vertexin J2 (resp. J9) is adjacen to at leasts 2
(resp.s 4) verticesin Js.
Hencewe assumethat

n s+ 4 (2

Amongall the odd componerts of G S, let G; be onewith minimum orderandlet x 2 V(G,)
be sud that dg(x) = minfdg(v) : v 2 V(G1)g. Then G, Z_Sandso (G) d(x)

s+2

(jGij 1+s Zs 1+s Supposen 3< d(x)ord(x)< 2SS 1+ s. Then

s+2 s+2

2n s
n 2 dx) o 1+s 3)
or
2n s
3 d(x) < 1+ s: 4
n X< <3 S (4)
From (3), it follows that
ns s’+ 2s+ 2 (5)
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Clearly, (5) doesnot hold forn s+ 5becauses 1. By (2), n = s+ 4. Supposen = s+ 4.
By (5),s=landson=s+ 4=5. By (3),d(x) = 3. ThusG = 3K3+ Kj.

From (4), it follows that
ns< s+ 3s+ 4 (6)

Clearly, (6) doesnot hold forn s+ 7 becauses 1. By (2), wehaves+4 n s+ 6.
Supposen = s+ 6. Then (6) impliesthat s= 1andson = s+ 6= 7. By (4), d(x) = 4, and
wehavejG;j d(x)+1 s= 4. SincejG,jisodd, it followsthat jG,j 5, which cortradicts
the fact that jG;j 22 = 2. Supposen = s+ 5. Then (6) implies that s = 1 and so
n=s+5=6. By (4),dXx) =3, andwehaveG;j d(x)+1 s= 3andsoG isa spanning
subgraphof (2K3[ J9) + K1, wherethe vertex in K is adjacen to ead vertex in 2K 3 and
at leastonevertex in J2. Supposen = s+ 4. Then (6) impliesthat 1 s 3.1f2 s 3,
thenjG;j dx)+1 s (n 3)+1 s=(s+4 3)+1 s= 2. SincejG,j isodd, it
followsthat jGij = 3, which cortradicts the fact that jG,j 208 = 2 2= 14 & 10,
If s= 1,thenn= s+ 4= 5. By (4), dx) = 2, and soG; is a connectedspanningsubgraph
of 3K 3+ K4, wherethe vertex in K is adjacern to at least onevertex in ead copy of K 3.

Sowe may assumethat

2n s
n 3=dx)= o 1+s: 7
However, from (7), we have jGij = £-° and
ns= s?+ 3s+ 4 (8)

By (2),n s+ 4. Now (8) impliesthat s 4. If s= 4, then it follows from (8) that n = 8.

HencejG,j = Z2 = 122 = 2, which cortradicts the fact that jG,j is odd. If s = 3, then

it follows from (8) that n = % which is impossible. If s = 2, then it follows from (8) that

n=7,dx)=n 3=4,andjGyj= 2 3=12=3 andthusG = 4K3+ J,. If s= 1,

S+2 2+2
then from (8) again,we haven = 8,d(x) = n 3= 5,and|G,j = &%= &1 =15 Thus
G= 3K5 + Kl. |
Lemma 3.2. SupmwseG is a -critical graphof order 2n+ 1 with ( G ) = 2, n 5,

andr = jG j 6. Then for any minor vertexu 2 V(G) and major verticesa;;a, 2 V(G),
where ua; 2 E(G) anda;a, 2 E(G), G fu;ap;a,g hasa 1-factor.



Proof. Let A= V(G )=fa;a; ;a0 AsGis -critical and ( G ) = 2, by Lemma
27, = (G) = 1 and G is the union of vertex-disjoirt cycles. Let (a;; ;&) bea
cycleof G ,where3 t r,andlet G°= G fu;as;ay0.

Clearly, ( G99 =, (GY (G) 3 ( 1) 3 (n 1) 3. Weclaim that G°
is connected. Supposeto the cortrary that G°is disconnected. Then G° has at least two
componerts (say H; and H,, where ( H;) = and ( H)) is the maximum amongall the
componerts other than H;). Then jH,j + 1landjH,j (GY+1= 3. Obsene that
GO cortains at least two verticesof degree andforany a2 fas; ;ag,d (a) = 2 and
dco(a) 3. If H; contains all the verticesas;  ;a.,thenjH. (r 2)+( 2) +2
(becauser 6). Thus2n 2= jGY jHqj+ jHy ( +2)+( 3). It follows that

n 1, which cortradicts the fact that n. If H; doesnot cortain all the vertices
in fags; ;& g, then ( H)y) 3 and sojH,j (Hy)+1 2. Therefore, Thus
2n 2=jGY jHi+jHj ( + 1)+ ( 2), which again implies that n 1,
cortradicting the fact that n.

Now by LemmaZ2.13and Lemma3.1,G%hasa 1-factorexceptwhenG 2 f Gy; GS; GS9H; HC Og.6 +
Js; 3Kz + Kq;4K 3+ Jy; 3K s+ Kyg or G is a connectedspanningsubgraphof somegraph in
f3Ks+ K, (K3 [ IO + Kyq;(Osia [ 3 + Js;(Oser [ I + Js; (Os [ I2[ I + Jsg. Since
(GY (GY ( 4) = 4 and G° has at least two vertices of degree (because
r 6),G2f4Ks+ J,;3Ks+ K1;3K3+ K1;0s46 + Jsg and G is not a connectedspanning
subgraphof f 3K 3+ K1; (2K3[ J9) + K 0.

SupposeGlis a connectedspanningsubgraphof (Os:3 [ J9) + Js or (Os[ JJ[ I + Js.
Then2n 2= jGYy = 2s+ 6 and 4 (GY s. This, together with the fact
that n, implies that = n = s+ 4. We next shav that faz; ;a9 V(Js).
Obsene that if t = 3, then dgo(az) 3=s+l1landforany v2 A faj;a; a0
deo(v) = = s+ 4. Ift 4, then dgo(az) 2 s+ 2, deo(ay) 2 s+ 2,
and for any v 2 A fag;ap;as; &g, dgo(v) = = s+ 4. Therefore, A\ V(Os3) = ,
A\ V(Os) = ,jA\ V(Js)j r 4andJ?cortains at mosttwo vertices,namely, a; and a,
of A. Supposeaz 2 V(JJ). Sinced (ag) = 2, ag is adjacert to 2 = s+ 2 minor verticesin
G; that is, a3 is adjacer to s+ 2 verticesof degree 1offu;ag;ag[ V(Is)[ V(I in G.
Howewer, fu; a;; axg[ V(Js)[ V(IJ) hasat most(s+ 6) (r 1)( s+ 1) verticesof degree

1lin G. Thusaz 2 V(Js). Similarly, a; 2 V(Js). Now let Y = V(Js) [ fu;az;a,g and
X =V(GY Y.ThenA Y. Sinced (&)= 2fori=1, ;r,wehavee(G[Y]) r. Now



by courting the number of edgegoining X and Y in G, we have s( 1)+ 6( 1 2
e(X;Y) r +(s+3 r) 1) 2e(G[Y]) (s+ 3) (s+ r + 3), from which it
follows that 3 15 r, which is impossiblebecause 5andr 6. HenceGYis not a
connectedspanningsubgraphof (Os.3 [ J9) + Js and (Os [ JJ[ I + Js.

SupposeGlis a spanningsubgraphof (Os.; [ J9) + Js. Then2n 2= jGY = 2s+ 6 and
4= (G% s. Thus = n-= s+ 4andsou is adjacen to ead vertex of V(Ogs1) in
Gandd (u) = 2. Let JA\ V(A)j=p. Thens=jJ§ JA (A\ V) [ fay;a0)j=
r p 2. Supposethere exists a vertex a 2 A\ V(J9) sud that ua 2 E(G). Since
d (a) = 2, ais adjacern to 2 = s+ 2 verticesof (V(Js)[ V(I)) A in G, and we
haves+ 2 j(VQ3s)[ V(I)) Aj=s+5 (r 2)=s+ 7 r, whichis falsebecause
r 6. Thusu is adjacen to ead vertex of A\ V(J9) in G. Sinced (u) = 2, wehavep 2.
LetY = V(Js) [ fu;a;agand X = V(Osr) [ V(3. If p 1, then sinced (&) = 2 for
i=1 ;randd (v) 2foranyv2 V(G) A,wehavee(G[Y]) (r 2p)+(s+3 r+p)
ande(G[X]) = eJ9 10.Thus(s+6) +( 26+p s) (s+6 p)( 1+p 2&G[X))
es(X;Y) (r p) +(st3 r+p( 1) 2eG[Y]) (s+3) 2(r 2p) 3(s+3 r+p),
from which it follows that 3(s+ 4) = 3 17 2s+ r, which contradicts the facts that
s r p 2 r 3andr 6.1fp=2thens r p 2 2and =s+4 6.
Let fai;39g= A\ V(J9). Supposeaa 2 E(G). Then e(G[Y]) r 3andeG[X]) 10.
Thus(s+6) +( 24 s) (s+4) 1)+ 2 26(G[X]) es(X;Y) (r 2) +(s+
3 r+2) 1) 2e(G[Y]) (s+3) 2 3) (s+ 3 r+ 2),from which it follows
that 3 25 r. This, together with the facts that n = 6 andr 6, implies that
n= =26,s= 4= 2andr = 6. Onthe other hand, if a;a; 2 E(G), thene(G[Y]) r 4
ande(G[X])=eJ) 9. Now(s+6) +( 22 s) (s+ 4) D+2  2¢G[X))
es(X;Y) (r 2) +(s+3 r+2)( 1) 2e(G[Y]) (s+3) 2(r 4) (s+3 r+2). This,

together with the facts that n = 6andr 6, impliesthat n= = 6,s= 4= 2
and r = 6. Howewr, in either case,X cortains 2 vertices of degree = 6 and 6 vertices
of degree 1= 5,and Y cortains 4 vertices of degree = 6 and 1 vertex of degree

1 = 5. Thus by courting the number of edgesbetween X and Y in G, we have

6 5+2 6 26J)=e(X;Y)=4 6+1 5 2¢G[Y]), which isimpossiblebecause
the left hand sideis always even and the right hand sideis always odd.

Suppose G° 2 fGy; GS; G3Y. Then 2s+ 2 = 2n 2 and 4 (GY s. Thus

n=s+2ands+ 2=n s+ 4. We claim that fas; ;ag V(Js). Let

C=A faa;azag ThenjCj=r 4 6 4= 2. Obsere that for any v 2 C,
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deo(Vv) 1 (st+2) 1= s+1,whichimpliesthat C V(Js). Supposet 4. Then for
any v 2 fag; aq, visadjacern to exactly onevertexin C and dgo(V) 2 (st2) 2=s.
This, togetherwith the inequality jV(Js) Cj s 2,impliesthat v 2 V(Js). On the other
hand, supposet = 3. ThenjCj=r 3 6 3= 3andag is not adjacen to any vertex
in C. As dgo(as) 3 (s+2) 3=s 1landjvV(Js) Cj s 3, it follows
that az 2 V(Js). Thus, in both cases,f as; ;&g V(Js) asclaimed. It follows that
r 2=jfag; ;&0 JjJsj=sS. LetX =V(Osp)andY =G X. ThenA V(Y) and
jYj=s+ 3. Sinced (v) = 2foranyv2 Aandd (v) 2foranyv2 V(Y) A, wehave
eY) eG )+ 2V(Y) Aj=r+2(s+3 r)=2s r+ 6. Now by courting the number
of edgegoining X and V(Y) in two di erent ways, we have (s+ 2)( 1) = es(X;V(Y)) =
ro+(s+3 r)( 1) 2¢(Y) (s+3) (s+3 r) 2(2s r+6),andit followsthat
4s+ 13 + 3r, which is falsebecause s+ 4andr 2 s. HenceG°2 fGy; GS; GSY.

Next, supposeG®= H. Then2s+ 4= 2n 2 and 4 s. Thusn = s+ 3and

s+3=n s+ 4. Again, we claim that faz; ;ag V(Js). Ift 4, then for any
v2fas ;ag, dgo(Vv) 2 (s+3) 2=s+1,andsofa;; ;ag V(@Js). On
the other hand, if t = 3, then dgo(V) 1 (s+3) 1l=s+2foranyv2fas; ;&0.
Thusf ag; ;&g V(Js). Obsenethat as is not adjacert to any vertexin f ay; ;a,gand
dco(az) 3 (st+3) 3= s. This, togetherwith the inequality jV (Js) fay; Q)=

s (r 3) s 3,impliesthat az 2 V(Js). Thus, in both casesfas; ;a9 V(Js) as

claimed. It followsthat r 2= jf as; 0] JJs=sS LetX = Ogq andy¥Y =G X.

Then A V(Y) andjYj= s+ 3. Sinced (v) = 2foranyv2 A andd (v) 2 forany

v2V(Y) A ,wehavee(Y) r+2(s+3 r)=2s r+ 6. Now by courting the number of

edgesjoining X and V(Y) in two di erent ways, we have (s + 4)( 1) = eg(X;V(Y)) =

r+(s+3 r)( 1) 2¢(Y) (s+3) (s+3 r) 2(2s r+6),andit followsthat
+ 4s+ 11 3r, which is falsebecauser 2 s and n=s+ 3. HenceG"6 H.

Finally, supposeG®= H® Then2s+ 4= 2n 2and 4 s. Thusn= s+ 3and
s+3=n s+ 4. We rst claimthat fag; ;ag (V(Js)[ V). Ift 4,
then for any v 2 faz; ;a0, deo(Vv) 2 (s+3) 2=s+1,andsov 2 V(Js).
On the other hand, if t = 3, then for any v 2 fay; a0, d (V) 1 s+ 2,andso
v 2 V(Js). Supposeas 2 V(Os.1). As az is not adjacen to any vertex in fa,; ;a,gand
dc(as) s+ 3, it follows that az is adjacer to all the verticesin V(Js) [ fu;as; ax0.
Hence = ds(ag) = s+ 3,A\ V(Js) = ,andV(J) = fa,;as;asg (because  6), and we
have +s(  1)+3( 2)= es(V(Osi2[ I VIs)[ fuiasag) 2( 1D+ (s+1)( 1)
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It follows from above that 3, which cortradicts the fact that n 5. Henceaz 2
V(Js). In both caseswe havefas; ;a9 (V(Js)[ V(II) asrequired. Let X = V(Oss1)
andY = G X.ThenA V(Y)andjYj= s+6. Wenextshovthat e(Y) r+3 7.1fJJ
cortains no major vertex of G, then e(J)+eg(V(Y) V(I);VAIJ) 3+3( 3)=3 6,
andsoe(Y) eG )+ (e(ID+es(V(Y) VAII; V@A) r+3 6. If IJcortains exactly
onemajor vertex of G, thene(J)+es(V(Y) VI);VI)) 3+( H+2( 3)=3 7,
ande(Y) &G )+ (edD+ec(V(Y) VI VAY) r+3  7.If IJ cortains exactly
two major verticesof G, then e(J9) + ec(V(Y) V@II;V(I)) 3+ 3( 3)=3 6
and e(Y) &G )+ (e(I) + es(V(Y) V@EAI;VEAY)) 1) r+3 7. Finally, if
V (J9) cortains exactly three major verticesof G, then e(J9) + ec(V(Y) V(I9;V(II)
3+3( 2)=3  3¢Y) &G )+ (edd+es(V(Y) VA VAY)) 3) r+3 6.
Thus, in either case,e&(Y) r+ 3 7 as required. Now by courting the number of
edgesjoining X and V(Y) in two di erent ways, we have (s + 1)( 1) = eg(X;V(Y)) =
r +(s+6 r) 1) 2¢(Y) r +(s+6 r)( 1) 2(r+3 7). 1t follows that
+r 9, which is falsebecauser 6 and n 5. HenceG°%8 H° =

We are now in a position to prove the following main result.

Theorem 3.3. SupwseG 6 P is a connected graphwith ( G ) 2 and s(GGj  1).
Then G is of class2 if and only if G is overfull.

Pro of. It su ces to show that any graph G of class2 is overfull under the assumption. Let
r=jG j,A=V(G )= faa; ;ag,andB = V(G) A. By LemmaZ2.8,LemmaZ2.9,
Lemma2.10,Lemma2.11,and Lemma2.12,it follows that the above statemert is true for
r = 3,4,and 5. From now on, we assumethat r 6. Beineke and Fiorini [1] proved that
e(G) = n + 1forall -critical graphsG of order2n+ 1 7 and there are no -critical
graphs of even order 10 (for alternative proofs, seealso [11]). Chetwynd and Yap [5]
provedthat (G) = n + 1for any -critical graph G with jGj = 2n+ 1= 9 exceptwhen
G = P . Hencewe assumethat jGj 11.

SinceG isofclass2and ( G ) 2,by LemmaZ2.7, = (G)= land G isthe
union of vertex-disjoirt cycles.Let (a;; ;&) beacycleofG ,where3 t r. We rst
show that jGj is odd.

Suppose, otherwise, that |Gj = 2n. As %(jGj 1), it follows that n. Let
G°=G fajag Then (GY= and (GY (G) 2=( 1) 2 (n 1) 2.We
claim that GPis connected.Supposeotherwise. Let H, and H, be two of the componerts of
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G° where ( H;) = and ( H)y) (GY 3. Then jH,j + 1 andjH;j 2.

Thus2n 2=jGY jHy+jHy ( + 1)+ ( 2). It follows that n 1, which
cortradicts the fact that n. HenceGlis connected,asclaimed. Now, by Lemma2.13,G°
hasa 1-factor F exceptwhenG°2 f Gy; GY; 3K 3+ K1g. Since (3 K3+ K;) (BKz+ Kq) =
6> 3= ( 3) ( GY (GY, G°6 3Kz + K;. SupposeG°2 fGp; G3g. Then
2s+2=2n 2andson = s+ 2. We next show that fag; ;a9  V(Js). Obsene that
ift 4,thenforanyv2fas; ;ag, dgo(V) 1 n 1=(s+2) 1=s+1,and
sof ags; &g V(Js). If t = 3,thenforany v2 fay 1&g, deo(v) = n=s+ 2,

andsofas; ;a9 V(Js). Supposeas; 2 V(Os:2). Sinceas is not adjacert to any vertex
infa;; ;a9 V(Js), we have 2 = deo(as) jJs fas ;agi=s (r 3),
and it follows that s r + 5, which howewer cortradicts the fact that n=s+ 2
(becauser 6). Thus, in both cases,fas; ;ag V(Js) asdesired. It follows that
r 2=jfas; ;&g jJsj=sS. LetX = V(Osz2)andY = G X. Then A V(Y)
andjYj = s+ 2. Sinced (v) = 2foranyv2 Aandd (v) 2foranyv2 V(Y) A,
we have e(Y) G )+ 2})V(Y) Aj=r+2(s+2 r)=2s r+ 4. Now by courting
the number of edgesjoining X and V(Y) in two di erent ways, we have (s + 2)( 1) =
e(X;VIY) =r +(s+2 r)( 1) 2¢(Y) (s+2) (s+2 r) 22 r+4),
and it followsthat 4s+ 8 3r, which is falsebecauser 2 s. HenceG°2 f Gy; Gig and
G%hasa l-factorF. LetG = G F [ faia,g. Then G is of class2 and the coreof G has
maximum degreetwo. By Lemma 2.7, the core of G is the union of vertex-disjoint cycles.
Howeer, from the choiceof F, a; is adjacert to only one major vertex (namely &) in G ,
which is a cortradiction.

We thus concludethat jGj 11isodd. Let jGj= 2n+ 1. Thenn 5and ‘G’Tl
n 5 ByLemmaz24, (jG] r)( D+r =2¢G) (G 1) + 2, which implies
that jG] r + 2. HenceG is overfull if andonly if = jGj r + 2. Supposenow

that < jGj r + 2. Then there existsa minor vertex u 2 B sud that ua; 2 E(G). Let
G°= G fay;ayug. By Lemma3.2,G%hasa 1-factor F°and F = F°[ faja,qg is a 1-factor
of G u. Sincer 6, we considerthe following two cases.

Casel.r 7.

LetG = G F. ThenG isofclass2. Obsenethat in G , jNg (a1) Aj+|Ng (&) Aj
( 2+( 3)=2 5> (2n+1) r,wherei = 2;::;;r. ThusNg (a;) A andNg (&) A
have at least one vertex, say X;, in commonin G . Sincea; is adjacert to only one major
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vertexa, in G and ( G &)= ( G), by Lemma25,G & is of class2. We now
considertwo subcasesseparately

Subcase 1.1. u is adjacen to somevertex in fag; ;&g

We may assumethat ua, 2 E(G). Obsenethat dg 4,(Xj) = 3. Sincea, is adjacen
to only two major verticesu;azinG aand ( G a Xya)= ( G a;), by Lemma
26,G; = G a Xpapisof class2. Now a3 is adjacent to at most two major vertices
(namely, u if t = 3 and u;a if t 4) in Gy, by Lemma 2.6 again, G, = G; Xzaz is
of class2. Now a, is adjacent to only one major vertex u in G,. Sincer 7, we have
(G, a) = ( Gy, andby Lemma2.5,G; = G, a; is of class2. Note that Gz is a
subgraphof G a, with ( G3) = ( G a&). ThusG @, is of class2 and the core of
G a hasmaximum degreetwo. SinceNg (&) A andNg (&) A (i = 2;:::5r) have
at least one vertex x; in commonin G and n, it follows that G a, is connected.
Consequetly, by Lemma2.7,G  a, is( 1)-critical and the coreof G a; is the union
of vertex-disjoirt cycles,which cortradicts the fact that a; is adjacen to only one major
vertexa; in G ay.

Subcase 1.2. u is not adjacert to any vertex in fa;; ;ag.

In this case,a, is adjacen to only onemajor vertexaz inG a;and ( G fa;;aQ) =
(G a). ByLemma25,G; =G fa;;aqgis of class2. Now considerxi+;, X2, and

Xi+3. We may assumethat xi.;& 2 E(G) forany 1 i tandl | 3 (otherwiseif
Xi+ja 2 E(G), we may take a; = @ and u = X+j, which, similar to Subcasel.1, would
lead to a cortradiction). Note that dg, (Xt+j) = 4forl j 3anday; is adjacern to

at most three major verticesin G;. Since ( G;  fXi+1 @15 Xee2 842} Xrz@+39) = ( Gy),
by LemmaZ2.6,Gj.1 = Gj Xwjas isof class2 forj = 1;2;3. By VAL, G, hasat least
three major vertices. Note that a;., is adjacert to only one major vertex (namely u) in G4
and ( G4 au2) = ( Gy (becauser 7). By LemmaZ2.5,Gs = G4 @& is of class2.
Note that Gs is a subgraphof G a, with ( Gs) = ( G an). Thus,G  aup is of
class2 andthe coreof G &+, hasmaximum degreetwo. As nandNg (a;) A and
Ng (&) A have at leastonevertexin commonin G , wherei = 2;3; ;r, it follows that
G & isconnected.By LemmaZ2.7,the coreof G &g, is the union of vertex-disjoint
cycles,which cortradicts the fact that a, is adjacen to only onemajor vertexa; in G = a4 .

Case 2. r = 6.
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In this caseeitherG = CqorG = C3[ Cz;. Weconsiderthesetwo subcasesseparately
Subcase 2.1. G = Cs.

Let G = (a;;a,; ;a). As d (u) 2, we may assumethat ua, 2 E(G). Let
G = G F. Then G is of class2. Sincea; is adjacen to only one major vertex ag
in G and ( G a;)) = ( G), by Lemma25, G a; is of class2 with v e major
vertices ay; az; a4; as; U. Note that jNg (a1) Aj+ jNg (a2) Aj = ( 2)+ ( 2)
2n 4> jGj r=(2n+1) 6=2n 5. ThusNg (a;) A andNg (a;) A have at
least one vertex, say x, in common. Sincedg 4 (X) = 3, &, is adjacern to exactly
two major vertices (namely u, a3) in G a, and ( G fa;;xag) = (G a). |t
follows by Lemma 2.6 that G; = G fap;xayg is of class2 with four major vertices
U;as; a4;as. By Lemma 2.3, G; corntains a ( 1)-subgraphH with at most four major
verticesu; ag; a4; as. By Lemma2.8and LemmaZ2.9,jHj is odd. Clearly, u is a major vertex
in H (otherwise the core of H is a path, which, by VAL, is false). Sinceua, 2 E(G,),
a, 2 V(H). Note that a,as; aas 2 E(G). Thus (H) dy(a) |jV(H) fasasasg)=
jHj 3= ( H) 2. By LemmaZ2.8and Lemma2.10,H has exactly four major vertices
u;ag;as;as and ( H) = jHj 1. Howewer, asa,a, 2 E(H) and a4 is a major vertex in H,
it followsthat ( H) = dy(ay) jV(H) fay;as0j=jH] 2, which isa cortradiction.

Subcase 22 G = C3[ Cs.

Assumethat G = (a;;az; a3)[ (a4; as; as). From the choiceof F, we know that a; andu
are arbitrarily chosen.In this case,we rst choosea; and u sud that d (u) = minfd (v) :
v2Bgandua; 2E(G). LetG = G F. Then G is of class2. Sincea; is adjacen to
only onemajor vertexaz in G and ( G &)= ( G), by Lemma2.5G a; isofclass
2. Now a, is adjacen to at most one major vertex u in G a;, az is adjacern to at most
onemajor vertexuin G faj;a,g,and ( G fag;ag) = (G &) By Lemma25b
again,G; = G fay;ap; azg is of class2 with at most four major verticesu; as; as; as. By
Lemma 2.3, G; cortains a ( 1)-critical subgraphH with at most four major vertices.
If u is adjacent to somevertex in fa,;asg, sa a,, then u is a minor vertex in G; and
so H has exactly three major vertices a,; as;as. By Lemma 2.8, (H) = ( H) 1and

JHj= ( H)+ 1= . Obsenethat forany v2 Ng(a;) fayg, ds,(V) 3= (H) 2
Thus Ng[a]\ V(H) = ,andso(@n+1) ( + 1)=jGj |jNg[a]j jHj= . This,
together with the inequality n, implies that = nand V(H) = V(G) Ngla].
Therefore,u 2 V(H). By Lemma2.8,ua 2 E(H), i = 4;5;6. Sinceua, 2 E(G), we
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have d (u) ifas;as;as;as9] = 4 and sod (v) 4 for any v 2 V(G) A (because
d (u) = minfd (v):v2 Bg). By VAL, 42n+1 6) eg(B;A)=6( 2), and it follows
that n+1(becausen 5), which cortradicts the factthat = n. Hencewe assumehat

ug; 2 E(G) fori = 1;2;3 and thusua 2 E(G) for any j = 4;5;6 (otherwiseif ua; 2 E(G),

we may take a; = g, which, similar to the above, would leadto a cortradiction). Therefore
d (uy=3andd (v) 3foranyv2 V(G) A (becaused (u) = minfd (v):v2 Bg).

SinceH hasat most four major vertices,by Lemma 2.8, Lemma 2.9, and Lemma 2.10,
jHjisoddand (H) ( H) 2. Letw?2 B besud that d (u) = maxfd (v) :v2 Bg.
Supposed (w) = 6. Then dg,(w) 4= (H) 3,andsow 2 V(H) (because

(H) ( H) 2). ThusG; w hasat mosttwo major vertices,and soH hasat mosttwo
major vertices, which, by VAL, is false. Henced (w) 5. On the other hand, as n
andd (v) 3foranyv2 V(G) A, by VAL, wehaved (w) 4. Thus4 d (w) 5.
Without loss of generality, we may assumethat wa; 2 E(G) and wa, 2 E(G). From the
choice of F, we know that u and a; are arbitrarily chosen. We now chooseu to be w.
Thend (u) = maxfd (v) : v2 Bg and u is a minor vertex in G; (becauseua, 2 E(G)).
Thus H has exactly three major verticesay; as; as. By Lemma2.8, (H)= ( H) 1and
JHj= ( H)+1= . Obsenethat forany v2 Ng(a) fayg, ds,(v) 3= (H) 2

Thus Ng[a;]\ V(H) = ,andso(2n+ 1) ( + 1) = jGj |Nglai] jHj =
This, together with the inequality n, impliesthat = nandV(H) = V(G) Ngla].
Therefore,u 2 V(H), and by Lemma 2.8,dy(u) = ( H) 1= 2. Thus u is not
adjacen to az in G. By Lemma 2.8 again, eah g; (j = 4;5;6) is adjacer to ewery other
vertex in H. In particular, ua; 2 E(H). Thusd (u) = 4 and from the assumptionthat
d (u = maxtd (v) : v2 Bg, wehae3 d(v) 4foranyv 2 V(G) A. Since

= n, by VAL, G hasexactly three minor verticesead of which is adjacen to exactly four
major verticesin G. This, together with the fact that d (u) = 4andeah a (j = 4;5;6) is
adjacen to ewery other vertex in H, implies that there exist us; u,;uz 2 Ng(a;) sud that
U1d4; Usas; Uzas 2 F, and at leastoneof us; u,; us, sa Uy, is sud that d (u;) = 3. Obsene
that usas 2 E(G) and dg v(n)y(u1) = 2=n 2imply that u; is adjacern to one of u,
and usz, say u,. Now replacingF by F = (F fujas;usasg) [ fuyus; asasg, we seethat
G F fay; ap; asg is of class2 and the coreof G F fay; ap; asg is a path, which, by
VAL, is false. -

Corollary 3.4 (Theorem B and Theorem C). SupmwseG is a connected graph suchthat
GéP,(G) 2 and iG] jG j+ k,wheek 2 f0;1g. Then G is of class2 if and
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only if G is overfull.

Pro of. It followsfrom the resultsin [1] and [5] that the statemert is true for jGj  10except
when G = P . Hencewe assumethat jGj 11. SupposeG is of class2. By Lemma2.7,G
is -critical and (G) = 1. Letr = jG j. Then by courting the number of edgegoining
V(G )andV(G) V(G ) intwodierent ways, wehaver( 2) (G r) 1). This,
together with the inequality jGj r+ k, wherek 2 f0; 1g, implies that

iG] iG] +k + 1+ 2 2: 9)
If 4, then (9) implies that jGj 10, which is false. Thus 5, and (9) again
implies that ‘G’Tl By Theorem 3.3, G is overfull. -

To endthis paper, we shall shav that any connectedgraphGwith ( G ) 2and ‘G’Tl
( G) < jGj2+3 must be of classl1, and any connectedgraph that satis es the assumption
stated in Theorem D can newer be of class2. To get to these,we rst prove the following
two lemmas.

Lemma 3.5. Let G be a connected graph suchthat G6 C,,; and ( G ) 2. If Gis
overfull, then

@ =iG G j+72

(i) 2(iGj + 3).

Pro of. SinceG is overfull, G is of class2 and 2e(G) ( jGj 1)+ 2. By LemmaZ2.7,G is

critical, and soby Lemma2.4,2¢(G) ( jGj 1)+ 2. ThereforePZe(G) = (jG 1)+ 2.

By Lemma 2.7 again, (G) = 1,andso ( jG] 1)+ 2= ,ygdv) = 26G) =
G j+( 1)(jGj jG ). It followsthat = jGj JG |+ 2, establishing(i).

Next, since ( G ) 2, by courting the number of edgesjoining V(G ) and V(G)
V(G ) in two di erent ways, we have ( 2iG j (G jG jX 1). This, together
with (i), implies that %(jGj + 3), which is (ii). -
Lemma 3.6. Let G be a connected graph suchthat G6 Cy,4; and ( G ) 2. If Gis of
class2, then iG] ]G j+ 2

Pro of. If Gisofclass2, then by LemmaZ.%G is -critical and (G) = 1. Consequetiy,
by Lemma2.4, ( jG] 1)+2 26(G)= ,,ygdv)= JG j+( D(G] jG j). It
follows that iG] jG j+ 2. -
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By applying Theorem3.3, Corollary 3.4,Lemma3.5, Lemma3.6,togetherwith Theorem
C and TheoremD, we nally obtain the following results.

Corollary 3.7. Let G be a connected graphwith ( G) = . If (G ) 2and ‘G’Tl
< 193 "then G is of class1.

Corollary 3.8. Let G be a connected graph suchthat G 6 P, ( G ) 2, and
jGf G j+3or jG j+1 iG] JG j. Then G is of class1.

Corollary 3.9. Let G be a connected graphsuchthat G6 P, ( G ) 2, and

22+ Zk+ 4 if  jGj is even

G gy tx+ 16 if jGj is odd

wheek 0. If =jGj jG | k k+ 5 thenG is of classl.

Pro of. SupposeG is of class2. Then by TheoremD, G is overfull, and soby Lemma 3.5

M, =)Gj JG j+ 2,which contradicts the assumptionthat = jGj jG |j Kk, where
k 0. ThusG is of classl. =
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