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Abstract

The core G� of a graph G is the subgraphof G induced by the vertices of degree� =

�( G). In this paper, we show that if G is a connectedgraph with �( G� ) � 2 and � =

�( G) � 1
2(jGj � 1), then G is of class2 if and only if G is overfull. Our result coversHilton

and Zhao's result [7].

1. In tro duction

Throughout this paper, all graphs we deal with are �nite, simple, and undirected. We

use V(G), jGj, E(G), e(G), �( G), and � (G) to denote respectively the vertex set, order,

edgeset, size,maximum degree,and minimum degreeof a graph G. We alsouseK n , On , Cn ,

G [ H , and rG to denoterespectively the completegraph of order n, null graph of order n,

cycleof order n, union of two vertex-disjoint graphsG and H , and vertex-disjoint union of r

copiesof a graph G. The join G+ H of two vertex-disjoint graphsG and H is the graph with

the vertex set V(G) [ V (H ) and edgeset E(G) [ E(H ) [ f xyjx 2 V(G); y 2 V(H )g. Vertices

of maximum degreein G are called major vertices and others are called minor vertices. If

x 2 V(G), we use NG(x) (or simply N (x)) to denote the neighborhood of x, dG(x) (or

simply d(x)) the degreeof x, and d� (x) the number of major vertices of G adjacent to x.

Let N [x] = N (x) [ f xg. If A � V(G), we use G � A (or simply G � x if A = f xg) to

denotethe graph obtained by deleting the set of verticesA from G, and useG[A] (or simply

G[x1; x2; � � � ; xk ] if A = f x1; x2; � � � ; xkg) to denote the subgraphof G induced by A. If A

and B are disjoint subsetsof V(G), we use eG(A; B) (or simply eG(x; B) if A = f xg) to
� E-mail: song@math.gatech.edu
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denote the number of edgesjoining A with B. If F � E(G), we useG � F to denote the

graph obtained by deleting F from G.

An edge-coloring of a graph G is a map � : E(G) ! C, whereC is a set of colors,such

that � (e) 6= � (f ) if e and f are adjacent. The chromatic index � 0(G) of G is the least value

of jCj for which an edge-coloring� : E(G) ! C exists. A well-known theoremof Vizing [13]

states that, for any graph G, �( G) � � 0(G) � �( G) + 1. A graph G is said to be of class

i, i=1,2 if � 0(G) = �( G) + i � 1. If G is a connectedclass2 graph with �( G) = � and

� 0(G � e) < � 0(G) for each edgee 2 E(G), then G is said to be � -critic al. A graph G is

overfull if e(G) � �( G) jGj
2 + 1. It is easyto seethat if G is overfull, then G is of class2.

The core G� of a graph G is the subgraph of G induced by the major vertices of G.

Fournier [6] showed that if G� is a forest, then G is of class1 (this result also follows easily

by Vizing's original coloring argument [13] or from the Vizing's Adjacency Lemma [14]).

Thus if G is of class2, then its coremust contain cycles.The simplestnon-trivial casewhen

G� contains cycles is that G� consistsof vertex-disjoint cycles. Hilton and Zhao [7,8,9]

consideredthis caseand proved the following results.

Theorem A. SupposeG is a connected graph with �( G� ) � 2 and � � 1
2(jGj + 3). Then

G is of class2 if and only if G is overfull.

Theorem B. SupposeG is a connected graph with �( G� ) � 2 and � � jGj � jG� j + 1.

Then G is of class2 if and only if G is overfull.

Let P � be the graph obtained from the Petersengraph by removing onevertex.

Theorem C. Suppose G is a connected graph such that G 6= P � , �( G� ) � 2, and � �

jGj � jG� j. Then G is of class2 if and only if G is overfull.

Theorem D. Let G be a connected graph suchthat G 6= P � , �( G� ) � 2, and

jGj �
�

2k2 + 32
3 k + 47

3 if jGj is even
3k2 + 12k + 16 if jGj is odd

where k � 0. If � = jGj � jG� j � k � k + 5, then G is of class2 if and only if G is overfull.

In this paper, we shall �rst improve TheoremA by retaining the result but lowering the

lower bound for � from 1
2(jGj + 3) to 1

2(jGj � 1) (seeTheorem 3.3) and then show that

Theorem B and Theorem C follow immediately from this improvement. We �nally con�ne
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ourselves to the family of graphs H which are not odd cyclesand with �( H � ) � 2. By

deriving information on �( H ) when H is either overfull or of class2, we eventually show

that any graph G which satis�es the assumptionstated in Theorem D or the inequalities

that �( G� ) � 2 and jGj� 1
2 � �( G) < jGj+3

2 can never be of class2.

2. Some useful results

In this section, we state without proof somebasic results on �-critical graphs, which

shall be used in the sequel. Proofs of the �rst four lemmascan be found, for instance, in

[16]. Alternativ e/shorter proofs of Lemma 2.8, Lemma 2.9 and Lemma 2.10,and a proof of

Lemma 2.13can be found in [15].

Lemma 2.1 (Vizing [13]) . For any graph G, � 0(G) � �( G) + 1:

Lemma 2.2 (Vizing's Adjacency Lemma (V AL) [14]) . SupposeG is a � -critic al graph

and vw 2 E(G), where d(v) = k. Then

(i) d� (w) � � � k + 1 if k < � ;

(ii) d� (w) � 2 if k = � ;

(iii) jG� j � maxf 3; � � � (G) + 2g.

Lemma 2.3 (Vizing [13]) . Let G be a class2 graph. Then G contains a k-critic al subgraph

for each k satisfying 2 � k � �( G).

Lemma 2.4. Let G be a � -critic al graph. Then e(G) � � jGj� 1
2 + 1.

Lemma 2.5 (Chet wynd and Hilton [2]). Let G be a graph and let u 2 V(G) such that

d� (u) � 1. If �( G � u) = �( G), then � 0(G � u) = � 0(G).

Lemma 2.6 (Chet wynd and Hilton [2]). Let G be a graph and let uv = e 2 E(G) such

that d� (u) + d(v) � �( G). If �( G � e) = �( G), then � 0(G � e) = � 0(G).

Lemma 2.7 (Hilton and Zhao [7]). Let G be a connected class2 graph with �( G� ) � 2.

Then

(i) G is � -critic al;

(ii) � (G� ) = 2;

(iii) � (G) = � � 1 unlessG is an odd cycle.
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Lemma 2.8 (Chet wynd and Hilton [2]). Let G be a connected graph of order n with

� = �( G) � 3. SupposejG� j = 3. Then G is of class2 if and only if G �= (n � 2)n� 3(n � 1)3

(and thus n is odd).

Lemma 2.9 (Chet wynd and Hilton [4]). There doesnot exist any � -critic al graph G of

evenorder with jG� j = 4.

Lemma 2.10 (Chet wynd and Hilton [4]). Let G be a � -critic al graph of order 2n + 1

with jG� j = 4. Then either

(i) G �= (2n � 2)2n� 3(2n � 1)4 or (ii) G �= (2n � 2)(2n � 1)2n� 4(2n)4.

In particular, e(G) = n� + 1.

Lemma 2.11 (Song and Yap [11]). There doesnot exist any � -critic al graph G of even

order with jG� j = 5.

Lemma 2.12 (Song [10]). Let G be a � -critic al graph of order 2n + 1 with jG� j = 5.

Then e(G) = n� + 1.

Let Js be a graph of order s and G0 = Js + Os+2 , and let G0
0 be a spanningsubgraphof

G0 such that each vertex of Os+2 is joined to at least s � 1 vertices of Js and at least one

vertex of Os+2 is joined to exactly s � 1 verticesof Js.

Lemma 2.13 (Y ap and Song [15]). A connected graph G of order 2n has a 1-factor if

(i) � (G) � n � 1 except whenG = G0;

(ii) � (G) = n � 2 except whenG = G0
0 or G = 3K 3 + K 1.

Lemma 2.14 (T utte [12]). A graph G has a 1-factor if and only if o(G � S) � jSj for

all S � V(G), where o(G � S) is the number of odd componentsof G � S.

3. Main results

Weshall establishour main resultsin this section. First of all, weshall prove two lemmas,

wherethe �rst one is an extensionof Lemma 2.13.

Let G00
0 denotea spanningsubgraphof G0 such that each vertex of Os+2 is adjacent to at

least s � 2 verticesof Js. Let H be a spanningsubgraphof Os+4 + Js such that each vertex

of Os+4 is adjacent to at least s � 1 verticesof Js. Let J 0
s be a connectedgraph of order s.

Let H 0 be a spanningsubgraphof (Os+1 [ J 0
3) + Js such that each vertex of Os+1 is adjacent
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to at least s � 1 verticesof Js and each vertex of J 0
3 is adjacent to at least s � 3 verticesof

Js.

Lemma 3.1. Let G be a connected graph of order 2n with � (G) = n � 3 � 1. Then G has

a 1-factor except when G 2 f G00
0; H; H 0; Os+6 + Js; 3K 3 + K 1; 4K 3 + J2; 3K 5 + K 1g or G is

a connected spanning subgraph of somegraph in f 3K 3 + K 1; (2K 3 [ J 0
5) + K 1; (Os+3 [ J 0

3) +

Js; (Os+1 [ J 0
5) + Js; (Os [ J 0

3 [ J 0
3) + Jsg.

Pro of. SupposeG hasno 1-factor. Then by Lemma 2.14, there exists S � V(G) such that

o(G � S) > jSj = s � 1. SincejGj is even, o(G � S) and jSj have the sameparity. Thus

o(G � S) � s + 2 and so

s + (s + 2) � s + o(G � S) � jGj = 2n: (1)

It follows that n � s + 1. Supposen = s + 1. By (1), o(G � S) = s + 2, and so G = G0
00.

Supposen = s + 2. By (1) again, either o(G � S) = s + 4 or o(G � S) = s + 2, and so

G 2 f H; H 0g. Supposen = s + 3. Then by (1), o(G � S) = s + 6, o(G � S) = s + 4

or o(G � S) = s + 2, and so G = Os+6 + Js or G is a connectedspanning subgraph of

(Os+3 [ J 0
3) + Js, (Os+1 [ J 0

5) + Js, or (Os [ J 0
3 [ J 0

3) + J 0
3, whereeach vertex in Os+3 ; Os+1 ; Os

is adjacent to every vertex in Js and each vertex in J 0
3 (resp. J 0

5) is adjacent to at least s � 2

(resp. s � 4) vertices in Js.

Hencewe assumethat

n � s + 4: (2)

Amongall the odd components of G� S, let G1 beonewith minimum orderand let x 2 V(G1)

be such that dG(x) = minf dG(v) : v 2 V(G1)g. Then jG1j � 2n� s
s+2 and so � (G) � d(x) �

(jG1j � 1) + s � 2n� s
s+2 � 1 + s. Supposen � 3 < d(x) or d(x) < 2n� s

s+2 � 1 + s. Then

n � 2 � d(x) �
2n � s
s + 2

� 1 + s (3)

or

n � 3 � d(x) <
2n � s
s + 2

� 1 + s: (4)

From (3), it follows that

ns � s2 + 2s + 2: (5)
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Clearly, (5) doesnot hold for n � s+ 5 becauses � 1. By (2), n = s+ 4. Supposen = s+ 4.

By (5), s = 1 and so n = s + 4 = 5. By (3), d(x) = 3. Thus G = 3K 3 + K 1.

From (4), it follows that

ns < s2 + 3s + 4: (6)

Clearly, (6) doesnot hold for n � s + 7 becauses � 1. By (2), we have s + 4 � n � s + 6.

Supposen = s+ 6. Then (6) implies that s = 1 and son = s+ 6 = 7. By (4), d(x) = 4, and

we have jG1j � d(x) + 1� s = 4. SincejG1j is odd, it follows that jG1j � 5, which contradicts

the fact that jG1j � 2n� s
s+2 = 13

3 . Supposen = s + 5. Then (6) implies that s = 1 and so

n = s+ 5 = 6. By (4), d(x) = 3, and we have jG1j � d(x) + 1� s = 3 and soG is a spanning

subgraphof (2K 3 [ J 0
5) + K 1, wherethe vertex in K 1 is adjacent to each vertex in 2K 3 and

at least onevertex in J 0
5. Supposen = s + 4. Then (6) implies that 1 � s � 3. If 2 � s � 3,

then jG1j � d(x) + 1 � s � (n � 3) + 1 � s = (s + 4 � 3) + 1 � s = 2. SincejG1j is odd, it

follows that jG1j = 3, which contradicts the fact that jG1j � 2n� s
s+2 = 2(s+4) � s

s+2 = 1+ 6
s+2 � 10

4 .

If s = 1, then n = s + 4 = 5. By (4), d(x) = 2, and soG1 is a connectedspanningsubgraph

of 3K 3 + K 1, wherethe vertex in K 1 is adjacent to at least onevertex in each copy of K 3.

So we may assumethat

n � 3 = d(x) =
2n � s
s + 2

� 1 + s: (7)

However, from (7), we have jG1j = 2n� s
s+2 and

ns = s2 + 3s + 4: (8)

By (2), n � s + 4. Now (8) implies that s � 4. If s = 4, then it follows from (8) that n = 8.

HencejG1j = 2n� s
s+2 = 16� 4

4+2 = 2, which contradicts the fact that jG1j is odd. If s = 3, then

it follows from (8) that n = 22
3 , which is impossible. If s = 2, then it follows from (8) that

n = 7, d(x) = n � 3 = 4, and jG1j = 2n� s
s+2 = 14� 2

2+2 = 3, and thus G = 4K 3 + J2. If s = 1,

then from (8) again, we have n = 8 , d(x) = n � 3 = 5, and jG1j = 2n� s
s+2 = 16� 1

1+2 = 5. Thus

G = 3K 5 + K 1.

Lemma 3.2. SupposeG is a � -critic al graph of order 2n + 1 with �( G� ) = 2, � � n � 5,

and r = jG� j � 6. Then for any minor vertex u 2 V(G) and major vertices a1; a2 2 V(G),

where ua1 =2 E(G) and a1a2 2 E(G), G � f u; a1; a2g hasa 1-factor.
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Pro of. Let A = V(G� ) = f a1; a2; � � � ; ar g. As G is �-critical and �( G� ) = 2, by Lemma

2.7, � = � (G) = � � 1 and G� is the union of vertex-disjoint cycles. Let (a1; � � � ; at ) be a

cycleof G� , where3 � t � r , and let G0 = G � f u; a1; a2g.

Clearly, �( G0) = �, � (G0) � � (G) � 3 � (� � 1) � 3 � (n � 1) � 3. We claim that G0

is connected. Supposeto the contrary that G0 is disconnected. Then G0 has at least two

components (say H1 and H2, where �( H1) = � and �( H2) is the maximum amongall the

components other than H1). Then jH1j � � + 1 and jH2j � � (G0) + 1 = � � 3. Observe that

G0 contains at least two vertices of degree� and for any a 2 f a3; � � � ; ar g, d� (a) = 2 and

dG0(a) � � � 3. If H1 contains all the verticesa3; � � � ; ar , then jH1j � (r � 2)+ (� � 2) � � + 2

(becauser � 6). Thus 2n � 2 = jG0j � jH1j + jH2j � (� + 2) + (� � 3). It follows that

� � n � 1, which contradicts the fact that � � n. If H1 doesnot contain all the vertices

in f a3; � � � ; ar g, then �( H2) � � � 3 and so jH2j � �( H2) + 1 � � � 2. Therefore,Thus

2n � 2 = jG0j � jH1j + jH2j � (� + 1) + (� � 2), which again implies that � � n � 1,

contradicting the fact that � � n.

Now by Lemma2.13andLemma3.1,G0hasa 1-factorexceptwhenG 2 f G0; G0
0; G00

0; H; H 0; Os+6 +

Js; 3K 3 + K 1; 4K 3 + J2; 3K 5 + K 1g or G is a connectedspanningsubgraphof somegraph in

f 3K 3 + K 1; (2K 3 [ J 0
5) + K 1; (Os+3 [ J 0

3) + Js; (Os+1 [ J 0
5) + Js; (Os [ J 0

3 [ J 0
3) + Jsg. Since

�( G0) � � (G0) � � � (� � 4) = 4 and G0 has at least two vertices of degree� (because

r � 6), G =2 f 4K 3 + J2; 3K 5 + K 1; 3K 3 + K 1; Os+6 + Jsg and G is not a connectedspanning

subgraphof f 3K 3 + K 1; (2K 3 [ J 0
5) + K 1g.

SupposeG0 is a connectedspanningsubgraphof (Os+3 [ J 0
3) + Js or (Os [ J 0

3 [ J 0
3) + Js.

Then 2n � 2 = jG0j = 2s + 6 and � � 4 � � (G0) � s. This, together with the fact

that � � n, implies that � = n = s + 4. We next show that f a3; � � � ; ar g � V(Js).

Observe that if t = 3, then dG0(a3) � � � 3 = s + 1 and for any v 2 A � f a1; a2; a3g,

dG0(v) = � = s + 4. If t � 4, then dG0(a3) � � � 2 � s + 2, dG0(a4) � � � 2 � s + 2,

and for any v 2 A � f a1; a2; a3; atg, dG0(v) = � = s + 4. Therefore, A \ V(Os+3 ) = � ,

A \ V(Os) = � , jA \ V(Js)j � r � 4 and J 0
3 contains at most two vertices,namely, a3 and at

of A. Supposea3 2 V(J 0
3). Sinced� (a3) = 2, a3 is adjacent to � � 2 = s+ 2 minor verticesin

G; that is, a3 is adjacent to s+ 2 verticesof degree� � 1 of f u; a1; a2g[ V(Js) [ V (J 0
3) in G.

However, f u; a1; a2g[ V (Js) [ V (J 0
3) hasat most (s+ 6) � (r � 1)(� s+ 1) verticesof degree

� � 1 in G. Thus a3 2 V(Js). Similarly, at 2 V(Js). Now let Y = V(Js) [ f u; a1; a2g and

X = V(G0) � Y . Then A � Y. Sinced� (ai ) = 2 for i = 1; � � � ; r , we have e(G[Y ]) � r . Now
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by counting the number of edgesjoining X and Y in G, we have s(� � 1) + 6(� � 1 � 2) �

eG(X ; Y) � r � + (s + 3 � r )(� � 1) � 2e(G[Y]) � (s + 3)� � (s + r + 3), from which it

follows that 3� � 15� r , which is impossiblebecause� � 5 and r � 6. HenceG0 is not a

connectedspanningsubgraphof (Os+3 [ J 0
3) + Js and (Os [ J 0

3 [ J 0
3) + Js.

SupposeG0 is a spanningsubgraphof (Os+1 [ J 0
5) + Js. Then 2n � 2 = jG0j = 2s + 6 and

� � 4 = � (G0) � s. Thus � = n = s + 4 and so u is adjacent to each vertex of V(Os+1 ) in

G and d� (u) = 2. Let jA \ V(J 0
5)j = p. Then s = jJsj � jA � ((A \ V(J 0

5)) [ f a1; a2g)j =

r � p � 2. Suppose there exists a vertex a 2 A \ V(J 0
5) such that ua =2 E(G). Since

d� (a) = 2, a is adjacent to � � 2 = s + 2 vertices of (V(Js) [ V(J 0
5)) � A in G, and we

have s + 2 � j(V(Js) [ V (J 0
5)) � Aj = s + 5 � (r � 2) = s + 7 � r , which is false because

r � 6. Thus u is adjacent to each vertex of A \ V (J 0
5) in G. Sinced� (u) = 2, we have p � 2.

Let Y = V(Js) [ f u; a1; a2g and X = V(Os+1 ) [ V(J 0
5). If p � 1, then sinced� (ai ) = 2 for

i = 1; � � � ; r and d� (v) � 2 for any v 2 V(G) � A, we have e(G[Y]) � (r � 2p) + (s+ 3� r + p)

ande(G[X ]) = e(J 0
5) � 10. Thus(s+ 6)� + (� 26+ p� s) � (s+ 6� p)(� � 1)+ p� � 2e(G[X ]) �

eG(X ; Y) � (r � p)� + (s+ 3� r + p)(� � 1)� 2e(G[Y ]) � (s+ 3)� � 2(r � 2p) � 3(s+ 3� r + p),

from which it follows that 3(s + 4) = 3� � 17 � 2s + r , which contradicts the facts that

s � r � p � 2 � r � 3 and r � 6. If p = 2, then s � r � p � 2 � 2 and � = s + 4 � 6.

Let f ai ; aj g = A \ V(J 0
5). Supposeai aj 2 E(G). Then e(G[Y ]) � r � 3 and e(G[X ]) � 10.

Thus (s+ 6)� + (� 24� s) � (s+ 4)(� � 1) + 2� � 2e(G[X ]) � eG(X ; Y) � (r � 2)� + (s+

3 � r + 2)(� � 1) � 2e(G[Y]) � (s + 3)� � 2(r � 3) � (s + 3 � r + 2), from which it follows

that 3� � 25 � r . This, together with the facts that n = � � 6 and r � 6, implies that

n = � = 6, s = � � 4 = 2 and r = 6. On the other hand, if ai aj =2 E(G), then e(G[Y ]) � r � 4

and e(G[X ]) = e(J 0
5) � 9. Now (s + 6)� + (� 22� s) � (s + 4)(� � 1) + 2� � 2e(G[X ]) �

eG(X ; Y) � (r � 2)� + (s+ 3� r + 2)(� � 1)� 2e(G[Y]) � (s+ 3)� � 2(r � 4)� (s+ 3� r + 2). This,

together with the facts that n = � � 6 and r � 6, implies that n = � = 6, s = � � 4 = 2

and r = 6. However, in either case,X contains 2 vertices of degree� = 6 and 6 vertices

of degree� � 1 = 5, and Y contains 4 vertices of degree� = 6 and 1 vertex of degree

� � 1 = 5. Thus by counting the number of edgesbetween X and Y in G, we have

6 � 5 + 2 � 6 � 2e(J 0
5) = eG(X ; Y) = 4 � 6 + 1 � 5 � 2e(G[Y]), which is impossiblebecause

the left hand side is always even and the right hand side is always odd.

Suppose G0 2 f G0; G0
0; G00

0g. Then 2s + 2 = 2n � 2 and � � 4 � � (G0) � s. Thus

n = s + 2 and s + 2 = n � � � s + 4. We claim that f a3; � � � ; ar g � V(Js). Let

C = A � f a1; a2; a3; atg. Then jCj = r � 4 � 6 � 4 = 2. Observe that for any v 2 C,
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dG0(v) � � � 1 � (s+ 2)� 1 = s+ 1, which implies that C � V(Js). Supposet � 4. Then for

any v 2 f a3; atg, v is adjacent to exactly onevertex in C and dG0(v) � � � 2 � (s+ 2)� 2 = s.

This, together with the inequality jV(Js) � Cj � s � 2, implies that v 2 V(Js). On the other

hand, supposet = 3. Then jCj = r � 3 � 6 � 3 = 3 and a3 is not adjacent to any vertex

in C. As dG0(a3) � � � 3 � (s + 2) � 3 = s � 1 and jV(Js) � Cj � s � 3, it follows

that a3 2 V(Js). Thus, in both cases,f a3; � � � ; ar g � V(Js) as claimed. It follows that

r � 2 = jf a3; � � � ; ar gj � jJsj = s. Let X = V(Os+2 ) and Y = G � X . Then A � V(Y) and

jY j = s + 3. Sinced� (v) = 2 for any v 2 A and d� (v) � 2 for any v 2 V(Y) � A, we have

e(Y) � e(G� ) + 2jV(Y) � Aj = r + 2(s + 3 � r ) = 2s � r + 6. Now by counting the number

of edgesjoining X and V(Y) in two di�erent ways, we have (s+ 2)(� � 1) = eG(X ; V(Y)) =

r � + (s+ 3� r )(� � 1) � 2e(Y) � (s + 3)� � (s+ 3� r ) � 2(2s � r + 6), and it follows that

4s+ 13 � � + 3r , which is falsebecause� � s+ 4 and r � 2 � s. HenceG0 =2 f G0; G0
0; G00

0g.

Next, supposeG0 = H . Then 2s + 4 = 2n � 2 and � � 4 � s. Thus n = s + 3 and

s + 3 = n � � � s + 4. Again, we claim that f a3; � � � ; ar g � V(Js). If t � 4, then for any

v 2 f a3; � � � ; ar g, dG0(v) � � � 2 � (s + 3) � 2 = s + 1, and so f a3; � � � ; ar g � V(Js). On

the other hand, if t = 3, then dG0(v) � � � 1 � (s + 3) � 1 = s + 2 for any v 2 f a4; � � � ; ar g.

Thus f a4; � � � ; ar g � V(Js). Observe that a3 is not adjacent to any vertex in f a4; � � � ; ar g and

dG0(a3) � � � 3 � (s+ 3)� 3 = s. This, togetherwith the inequality jV (Js) � f a4; � � � ; ar gj =

s � (r � 3) � s � 3, implies that a3 2 V(Js). Thus, in both cases,f a3; � � � ; ar g � V(Js) as

claimed. It follows that r � 2 = jf a3; � � � ; ar gj � jJsj = s. Let X = Os+4 and Y = G � X .

Then A � V(Y) and jY j = s + 3. Sinced� (v) = 2 for any v 2 A and d� (v) � 2 for any

v 2 V(Y) � A, we have e(Y) � r + 2(s+ 3� r ) = 2s� r + 6. Now by counting the number of

edgesjoining X and V(Y) in two di�erent ways, we have (s + 4)(� � 1) = eG(X ; V(Y)) =

r � + (s+ 3� r )(� � 1) � 2e(Y) � (s + 3)� � (s+ 3� r ) � 2(2s � r + 6), and it follows that

� + 4s + 11 � 3r , which is falsebecauser � 2 � s and � � n = s + 3. HenceG0 6= H .

Finally, supposeG0 = H 0. Then 2s + 4 = 2n � 2 and � � 4 � s. Thus n = s + 3 and

s + 3 = n � � � s + 4. We �rst claim that f a3; � � � ; ar g � (V(Js) [ V (J 0
3)). If t � 4,

then for any v 2 f a3; � � � ; ar g, dG0(v) � � � 2 � (s + 3) � 2 = s + 1, and so v 2 V(Js).

On the other hand, if t = 3, then for any v 2 f a4; � � � ; ar g, d� (v) � � � 1 � s + 2, and so

v 2 V(Js). Supposea3 2 V(Os+1 ). As a3 is not adjacent to any vertex in f a4; � � � ; ar g and

dG(a3) � � � s + 3, it follows that a3 is adjacent to all the vertices in V(Js) [ f u; a1; a2g.

Hence� = dG(a3) = s+ 3, A \ V(Js) = � , and V(J 0
3) = f a4; a5; a6g (becauser � 6), and we

have � + s(� � 1)+ 3(� � 2) = eG(V (Os+2 [ J 0
3); V(Js)[ f u; a1; a2g) � 2(� � 1)+ (s+ 1)(� � 1).
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It follows from above that � � 3, which contradicts the fact that � � n � 5. Hencea3 2

V(Js). In both cases,we have f a3; � � � ; ar g � (V(Js) [ V (J 0
3)) asrequired. Let X = V(Os+1 )

and Y = G� X . Then A � V(Y) and jY j = s+ 6. Wenext show that e(Y) � r + 3� � 7. If J 0
3

contains no major vertex of G, then e(J 0
3)+ eG(V (Y) � V (J 0

3); V(J 0
3)) � 3+ 3(� � 3) = 3� � 6,

and soe(Y) � e(G� )+ (e(J 0
3)+ eG(V(Y) � V (J 0

3); V(J 0
3))) � r + 3� � 6. If J 0

3 contains exactly

onemajor vertex of G, then e(J 0
3)+ eG(V (Y)� V(J 0

3); V(J 0
3)) � 3+ (� � 4)+ 2(� � 3) = 3� � 7,

and e(Y) � e(G� ) + (e(J 0
3) + eG(V(Y) � V (J 0

3); V (J 0
3))) � r + 3� � 7. If J 0

3 contains exactly

two major vertices of G, then e(J 0
3) + eG(V(Y) � V (J 0

3); V(J 0
3)) � 3 + 3(� � 3) = 3� � 6

and e(Y) � e(G� ) + (e(J 0
3) + eG(V(Y) � V(J 0

3); V(J 0
3)) � 1) � r + 3� � 7. Finally, if

V(J 0
3) contains exactly three major verticesof G, then e(J 0

3) + eG(V (Y) � V(J 0
3); V (J 0

3)) �

3+ 3(� � 2) = 3� � 3 e(Y) � e(G� ) + (e(J 0
3) + eG(V(Y) � V (J 0

3); V(J 0
3)) � 3) � r + 3� � 6.

Thus, in either case,e(Y) � r + 3� � 7 as required. Now by counting the number of

edgesjoining X and V(Y) in two di�erent ways, we have (s + 1)(� � 1) = eG(X ; V(Y)) =

r � + (s + 6 � r )(� � 1) � 2e(Y) � r � + (s + 6 � r )(� � 1) � 2(r + 3� � 7). It follows that

� + r � 9, which is falsebecauser � 6 and � � n � 5. HenceG0 6= H 0.

We are now in a position to prove the following main result.

Theorem 3.3. SupposeG 6= P � is a connected graph with �( G� ) � 2 and � � 1
2(jGj � 1).

Then G is of class2 if and only if G is overfull.

Pro of. It su�ces to show that any graph G of class2 is overfull under the assumption. Let

r = jG� j, A = V(G� ) = f a1; a2; � � � ; ar g, and B = V(G) � A. By Lemma 2.8, Lemma 2.9,

Lemma 2.10,Lemma 2.11,and Lemma 2.12, it follows that the above statement is true for

r = 3, 4, and 5. From now on, we assumethat r � 6. Beineke and Fiorini [1] proved that

e(G) = n� + 1 for all �-critical graphsG of order 2n + 1 � 7 and there are no �-critical

graphs of even order � 10 (for alternative proofs, seealso [11]). Chetwynd and Yap [5]

proved that e(G) = n� + 1 for any �-critical graph G with jGj = 2n + 1 = 9 except when

G = P � . Hencewe assumethat jGj � 11.

SinceG is of class2 and �( G� ) � 2, by Lemma 2.7, � = � (G) = � � 1 and G� is the

union of vertex-disjoint cycles. Let (a1; � � � ; at ) be a cycle of G� , where3 � t � r . We �rst

show that jGj is odd.

Suppose, otherwise, that jGj = 2n. As � � 1
2(jGj � 1), it follows that � � n. Let

G0 = G � f a1; a2g. Then �( G0) = � and � (G0) � � (G) � 2 = (� � 1) � 2 � (n � 1) � 2. We

claim that G0 is connected.Supposeotherwise. Let H1 and H2 be two of the components of
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G0, where �( H1) = � and �( H2) � � (G0) � � � 3. Then jH1j � � + 1 and jH2j � � � 2.

Thus 2n � 2 = jG0j � jH1j + jH2j � (� + 1) + (� � 2). It follows that � � n � 1, which

contradicts the fact that � � n. HenceG0 is connected,asclaimed. Now, by Lemma2.13,G0

hasa 1-factor F exceptwhenG0 2 f G0; G0
0; 3K 3 + K 1g. Since�(3 K 3 + K 1) � � (3K 3 + K 1) =

6 > 3 = � � (� � 3) � �( G0) � � (G0), G0 6= 3K 3 + K 1. SupposeG0 2 f G0; G0
0g. Then

2s + 2 = 2n � 2 and so n = s + 2. We next show that f a3; � � � ; ar g � V(Js). Observe that

if t � 4, then for any v 2 f a3; � � � ; ar g, dG0(v) � � � 1 � n � 1 = (s + 2) � 1 = s + 1, and

so f a3; � � � ; ar g � V(Js). If t = 3, then for any v 2 f a4; � � � ; ar g, dG0(v) = � � n = s + 2,

and so f a4; � � � ; ar g � V(Js). Supposea3 2 V(Os+2 ). Sincea3 is not adjacent to any vertex

in f a4; � � � ; ar g � V(Js), we have � � 2 = dG0(a3) � jJs � f a4; � � � ; ar gj = s � (r � 3),

and it follows that � � s � r + 5, which however contradicts the fact that � � n = s + 2

(becauser � 6). Thus, in both cases,f a3; � � � ; ar g � V(Js) as desired. It follows that

r � 2 = jf a3; � � � ; ar gj � jJsj = s. Let X = V(Os+2 ) and Y = G � X . Then A � V(Y)

and jY j = s + 2. Sinced� (v) = 2 for any v 2 A and d� (v) � 2 for any v 2 V(Y) � A,

we have e(Y) � e(G� ) + 2jV(Y) � Aj = r + 2(s + 2 � r ) = 2s � r + 4. Now by counting

the number of edgesjoining X and V(Y) in two di�erent ways, we have (s + 2)(� � 1) =

eG(X ; V(Y)) = r � + (s + 2 � r )(� � 1) � 2e(Y) � (s + 2)� � (s + 2 � r ) � 2(2s � r + 4),

and it follows that 4s + 8 � 3r , which is falsebecauser � 2 � s. HenceG0 =2 f G0; G0
0g and

G0 hasa 1-factor F . Let G� = G � F [ f a1a2g. Then G� is of class2 and the coreof G� has

maximum degreetwo. By Lemma 2.7, the core of G� is the union of vertex-disjoint cycles.

However, from the choice of F , a1 is adjacent to only one major vertex (namely at ) in G� ,

which is a contradiction.

We thus concludethat jGj � 11 is odd. Let jGj = 2n + 1. Then n � 5 and � � jGj� 1
2 �

n � 5. By Lemma 2.4, (jGj � r )(� � 1) + r � = 2e(G) � (jGj � 1)� + 2, which implies

that � � jGj � r + 2. HenceG is overfull if and only if � = jGj � r + 2. Supposenow

that � < jGj � r + 2. Then there exists a minor vertex u 2 B such that ua1 =2 E(G). Let

G0 = G � f a1; a2; ug. By Lemma 3.2, G0 hasa 1-factor F 0 and F = F 0[ f a1a2g is a 1-factor

of G � u. Sincer � 6, we considerthe following two cases.

Case 1. r � 7.

Let G� = G� F . Then G� is of class2. Observe that in G� , jNG� (a1)� Aj+ jNG� (ai )� Aj �

(� � 2)+ (� � 3) = 2� � 5 > (2n+ 1)� r , wherei = 2; :::; r . ThusNG� (a1) � A and NG� (ai ) � A

have at least one vertex, say x i , in commonin G� . Sincea1 is adjacent to only one major
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vertex at in G� and �( G� � a1) = �( G� ), by Lemma 2.5, G� � a1 is of class2. We now

considertwo subcasesseparately.

Subcase 1.1. u is adjacent to somevertex in f a1; � � � ; atg.

We may assumethat ua2 2 E(G). Observe that dG� � a1 (x i ) = � � 3. Sincea2 is adjacent

to only two major verticesu; a3 in G� � a1 and �( G� � a1 � x2a2) = �( G� � a1), by Lemma

2.6, G1 = G� � a1 � x2a2 is of class2. Now a3 is adjacent to at most two major vertices

(namely, u if t = 3 and u; at if t � 4) in G1, by Lemma 2.6 again, G2 = G1 � x3a3 is

of class2. Now a2 is adjacent to only one major vertex u in G2. Since r � 7, we have

�( G2 � a2) = �( G2), and by Lemma 2.5, G3 = G2 � a2 is of class2. Note that G3 is a

subgraphof G� � a2 with �( G3) = �( G� � a2). Thus G� � a2 is of class2 and the core of

G� � a2 has maximum degreetwo. SinceNG� (a1) � A and NG� (ai ) � A (i = 2; :::; r ) have

at least one vertex x i in common in G� and � � n, it follows that G� � a2 is connected.

Consequently, by Lemma2.7, G� � a2 is (� � 1)-critical and the coreof G� � a2 is the union

of vertex-disjoint cycles,which contradicts the fact that a1 is adjacent to only one major

vertex at in G� � a2.

Subcase 1.2. u is not adjacent to any vertex in f a1; � � � ; atg.

In this case,a2 is adjacent to only onemajor vertex a3 in G� � a1 and �( G� � f a1; a2g) =

�( G� � a1). By Lemma 2.5, G1 = G� � f a1; a2g is of class2. Now considerx t+1 , xt+2 , and

xt+3 . We may assumethat x t+ j ai 2 E(G) for any 1 � i � t and 1 � j � 3 (otherwise if

xt+ j ai =2 E(G), we may take a1 = ai and u = xt+ j , which, similar to Subcase1.1, would

lead to a contradiction). Note that dG1 (xt+ j ) = � � 4 for 1 � j � 3 and at+ j is adjacent to

at most three major vertices in G1. Since�( G1 � f xt+1 at+1 ; xt+2 at+2 ; xt+3 at+3 g) = �( G1),

by Lemma 2.6, Gj +1 = Gj � xt+ j at+ j is of class2 for j = 1; 2; 3. By VAL, G4 has at least

three major vertices. Note that at+2 is adjacent to only onemajor vertex (namely u) in G4

and �( G4 � at+2 ) = �( G4) (becauser � 7). By Lemma 2.5, G5 = G4 � at+2 is of class2.

Note that G5 is a subgraphof G� � at+2 with �( G5) = �( G� � at+2 ). Thus, G� � at+2 is of

class2 and the coreof G� � at+2 hasmaximum degreetwo. As � � n and NG� (a1) � A and

NG� (ai ) � A have at least onevertex in commonin G� , wherei = 2; 3; � � � ; r , it follows that

G� � at+2 is connected.By Lemma 2.7, the coreof G� � at+2 is the union of vertex-disjoint

cycles,which contradicts the fact that a1 is adjacent to only onemajor vertex at in G� � at+2 .

Case 2. r = 6.
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In this case,either G�
�= C6 or G�

�= C3 [ C3. Weconsiderthesetwo subcasesseparately.

Subcase 2.1. G�
�= C6.

Let G�
�= (a1; a2; � � � ; a6). As d� (u) � 2, we may assumethat ua2 2 E(G). Let

G� = G � F . Then G� is of class2. Since a1 is adjacent to only one major vertex a6

in G� and �( G� � a1) = �( G� ), by Lemma 2.5, G� � a1 is of class 2 with �v e major

vertices a2; a3; a4; a5; u. Note that jNG� (a1) � Aj + jNG� (a2) � Aj = (� � 2) + (� � 2) �

2n � 4 > jGj � r = (2n + 1) � 6 = 2n � 5. Thus NG� (a1) � A and NG� (a2) � A have at

least one vertex, say x, in common. Since dG� � a1 (x) = � � 3, a2 is adjacent to exactly

two major vertices (namely u, a3) in G� � a1 and �( G� � f a1; xa2g) = �( G� � a1). It

follows by Lemma 2.6 that G1 = G� � f a1; xa2g is of class 2 with four major vertices

u; a3; a4; a5. By Lemma 2.3, G1 contains a (� � 1)-subgraphH with at most four major

verticesu; a3; a4; a5. By Lemma2.8 and Lemma2.9, jH j is odd. Clearly, u is a major vertex

in H (otherwise the core of H is a path, which, by VAL, is false). Since ua2 2 E(G1),

a2 2 V(H ). Note that a2a4; a2a5 =2 E(G). Thus � (H ) � dH (a2) � jV (H ) � f a2; a4; a5gj =

jH j � 3 = �( H ) � 2. By Lemma 2.8 and Lemma 2.10, H has exactly four major vertices

u; a3; a4; a5 and �( H ) = jH j � 1. However, as a2a4 =2 E(H ) and a4 is a major vertex in H ,

it follows that �( H ) = dH (a4) � jV(H ) � f a2; a4gj = jH j � 2, which is a contradiction.

Subcase 2.2 G�
�= C3 [ C3.

Assumethat G�
�= (a1; a2; a3) [ (a4; a5; a6). From the choiceof F , we know that a1 and u

are arbitrarily chosen. In this case,we �rst choosea1 and u such that d� (u) = minf d� (v) :

v 2 Bg and ua1 =2 E(G). Let G� = G � F . Then G� is of class2. Sincea1 is adjacent to

only onemajor vertex a3 in G� and �( G� � a1) = �( G� ), by Lemma 2.5, G� � a1 is of class

2. Now a2 is adjacent to at most one major vertex u in G� � a1, a3 is adjacent to at most

one major vertex u in G� � f a1; a2g, and �( G� � f a1; a2g) = �( G� � a1). By Lemma 2.5

again, G1 = G� � f a1; a2; a3g is of class2 with at most four major verticesu; a4; a5; a6. By

Lemma 2.3, G1 contains a (� � 1)-critical subgraph H with at most four major vertices.

If u is adjacent to some vertex in f a2; a3g, say a2, then u is a minor vertex in G1 and

so H has exactly three major vertices a4; a5; a6. By Lemma 2.8, � (H ) = �( H ) � 1 and

jH j = �( H ) + 1 = �. Observe that for any v 2 NG(a1) � f a2g, dG1 (v) � � � 3 = �( H ) � 2.

Thus NG[a1] \ V (H ) = � , and so (2n + 1) � (� + 1) = jGj � jNG[a1]j � jH j = �. This,

together with the inequality � � n, implies that � = n and V(H ) = V(G) � NG[a1].

Therefore, u 2 V(H ). By Lemma 2.8, uai 2 E(H ), i = 4; 5; 6. Since ua2 2 E(G), we
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have d� (u) � jf a2; a4; a5; a6gj = 4 and so d� (v) � 4 for any v 2 V(G) � A (because

d� (u) = minf d� (v) : v 2 Bg). By VAL, 4(2n + 1� 6) � eG(B ; A) = 6(� � 2), and it follows

that � � n+ 1 (becausen � 5), which contradicts the fact that � = n. Henceweassumethat

uai =2 E(G) for i = 1; 2; 3 and thus uaj 2 E(G) for any j = 4; 5; 6 (otherwise if uaj =2 E(G),

we may take a1 = aj , which, similar to the above, would lead to a contradiction). Therefore

d� (u) = 3 and d� (v) � 3 for any v 2 V(G) � A (becaused� (u) = minf d� (v) : v 2 Bg).

SinceH has at most four major vertices,by Lemma 2.8, Lemma 2.9, and Lemma 2.10,

jH j is odd and � (H ) � �( H ) � 2. Let w 2 B be such that d� (u) = maxf d� (v) : v 2 Bg.

Suppose d� (w) = 6. Then dG1 (w) � � � 4 = �( H ) � 3, and so w =2 V(H ) (because

� (H ) � �( H ) � 2). Thus G1 � w hasat most two major vertices,and soH hasat most two

major vertices, which, by VAL, is false. Henced� (w) � 5. On the other hand, as � � n

and d� (v) � 3 for any v 2 V(G) � A, by VAL, we have d� (w) � 4. Thus 4 � d� (w) � 5.

Without lossof generality, we may assumethat wa1 =2 E(G) and wa2 2 E(G). From the

choice of F , we know that u and a1 are arbitrarily chosen. We now choose u to be w.

Then d� (u) = maxf d� (v) : v 2 Bg and u is a minor vertex in G1 (becauseua2 2 E(G)).

Thus H has exactly three major vertices a4; a5; a6. By Lemma 2.8, � (H ) = �( H ) � 1 and

jH j = �( H ) + 1 = �. Observe that for any v 2 NG(a1) � f a2g, dG1 (v) � � � 3 = �( H ) � 2

. Thus NG[a1] \ V(H ) = � , and so (2n + 1) � (� + 1) = jGj � jNG[a1]j � jH j = �.

This, together with the inequality � � n, implies that � = n and V(H ) = V(G) � NG[a1].

Therefore, u 2 V(H ), and by Lemma 2.8, dH (u) = �( H ) � 1 = � � 2. Thus u is not

adjacent to a3 in G. By Lemma 2.8 again, each aj (j = 4; 5; 6) is adjacent to every other

vertex in H . In particular, uaj 2 E(H ). Thus d� (u) = 4 and from the assumption that

d� (u) = maxf d� (v) : v 2 Bg, we have 3 � d� (v) � 4 for any v 2 V(G) � A. Since

� = n, by VAL, G hasexactly three minor verticeseach of which is adjacent to exactly four

major vertices in G. This, together with the fact that d� (u) = 4 and each aj (j = 4; 5; 6) is

adjacent to every other vertex in H , implies that there exist u1; u2; u3 2 NG(a1) such that

u1a4; u2a5; u3a6 2 F , and at least oneof u1; u2; u3, say u1, is such that d� (u1) = 3. Observe

that u1a4 2 E(G) and dG� V (H ) (u1) = � � 2 = n � 2 imply that u1 is adjacent to oneof u2

and u3, say u2. Now replacing F by F � = (F � f u1a4; u2a5g) [ f u1u2; a4a5g, we seethat

G � F � � f a1; a2; a3g is of class2 and the coreof G � F � � f a1; a2; a3g is a path, which, by

VAL, is false.

Corollary 3.4 (Theorem B and Theorem C). SupposeG is a connected graphsuchthat

G 6= P � , �( G� ) � 2, and � � jGj � jG� j + k, where k 2 f 0; 1g. Then G is of class2 if and
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only if G is overfull.

Pro of. It follows from the resultsin [1] and [5] that the statement is true for jGj � 10except

when G = P � . Hencewe assumethat jGj � 11. SupposeG is of class2. By Lemma 2.7, G

is �-critical and � (G) = � � 1. Let r = jG� j. Then by counting the number of edgesjoining

V(G� ) and V(G) � V(G� ) in two di�erent ways, we have r (� � 2) � (jGj � r )(� � 1). This,

together with the inequality � � jGj � r + k, wherek 2 f 0; 1g, implies that

jGj � � � jGj � � + k � r � � + 1 +
2

� � 2
: (9)

If � � 4, then (9) implies that jGj � 10, which is false. Thus � � 5, and (9) again

implies that � � jGj� 1
2 . By Theorem3.3, G is overfull.

To endthis paper, weshall show that any connectedgraphG with �( G� ) � 2 and jGj� 1
2 �

�( G) < jGj+3
2 must be of class1, and any connectedgraph that satis�es the assumption

stated in Theorem D can never be of class2. To get to these,we �rst prove the following

two lemmas.

Lemma 3.5. Let G be a connected graph such that G 6= C2n+1 and �( G� ) � 2. If G is

overfull, then

(i) � = jGj � jG� j + 2;

(ii) � � 1
2(jGj + 3).

Pro of. SinceG is overfull, G is of class2 and 2e(G) � �( jGj � 1) + 2. By Lemma 2.7, G is

critical, and so by Lemma 2.4, 2e(G) � �( jGj � 1) + 2. Therefore2e(G) = �( jGj � 1) + 2.

By Lemma 2.7 again, � (G) = � � 1, and so �( jGj � 1) + 2 =
P

v2 V (G) d(v) = 2e(G) =

� jG� j + (� � 1)(jGj � jG� j). It follows that � = jGj � jG� j + 2, establishing(i).

Next, since �( G� ) � 2, by counting the number of edgesjoining V(G� ) and V(G) �

V(G� ) in two di�erent ways, we have (� � 2)jG� j � (jGj � jG� j)(� � 1). This, together

with (i), implies that � � 1
2(jGj + 3), which is (ii).

Lemma 3.6. Let G be a connected graph such that G 6= C2n+1 and �( G� ) � 2. If G is of

class2, then � � jGj � jG� j + 2.

Pro of. If G is of class2, then by Lemma2.7,G is �-critical and � (G) = � � 1. Consequently,

by Lemma 2.4, �( jGj � 1) + 2 � 2e(G) =
P

v2 V (G) d(v) = � jG� j + (� � 1)(jGj � jG� j). It

follows that � � jGj � jG� j + 2.
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By applying Theorem3.3,Corollary 3.4,Lemma3.5, Lemma3.6, togetherwith Theorem

C and TheoremD, we �nally obtain the following results.

Corollary 3.7. Let G be a connected graph with �( G) = � . If �( G� ) � 2 and jGj� 1
2 �

� < jGj+3
2 , then G is of class1.

Corollary 3.8. Let G be a connected graph such that G 6= P � , �( G� ) � 2, and � �

jGj � jG� j + 3 or � � jG� j + 1 � � � jGj � jG� j. Then G is of class1.

Corollary 3.9. Let G be a connected graph suchthat G 6= P � , �( G� ) � 2, and

jGj �
�

2k2 + 32
3 k + 47

3 if jGj is even
3k2 + 12k + 16 if jGj is odd

where k � 0. If � = jGj � jG� j � k � k + 5, then G is of class1.

Pro of. SupposeG is of class2. Then by Theorem D, G is overfull, and so by Lemma 3.5

(i), � = jGj � jG� j + 2, which contradicts the assumptionthat � = jGj � jG� j � k, where

k � 0. Thus G is of class1.
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